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Abstract
A charged lepton mass formula is explained when the masses are proportional to the
squared vacuum expectation values (VEVs) of scalar ﬁelds. We introduce a U(3) ﬂavor symmetry and its nonet scalar ﬁeld Φ, whose VEV structure plays an essential role for generating
the fermion mass spectrum. We can naturally obtain a bilinear form of the Yukawa coupling
∑
Yij ∝ k ⟨Φik ⟩⟨Φkj ⟩ without non-renormalizable interactions, when the ﬂavor symmetry is
broken only through Yukawa coupling and tadpole terms. We also speculate a possible VEV
structure of ⟨Φ⟩.

The observed mass spectra of the quarks and leptons might provide an important clue for
an underlying theory. For the charged lepton sector, we know the following empirical mass
relation[1, 2],
√
2 √
√
me + mµ + mτ = ( me + mµ + mτ )2 ,
(1)
3
which can give a remarkable prediction mτ = 1776.97 MeV from the observed values of me and
mµ . (The observed value is mobs
= 1776.99+0.29
τ
−0.26 MeV [3].) This mass relation seems to give
remarkable hints for an origin of the mass spectrum. In order to get the mass relation (1),
an interesting idea was proposed in Ref.[2]: the mass spectrum originates not in a structure of
Yukawa coupling constants Yij but of vacuum expectation values (VEVs) vi s of scalars ϕi s as
2
v12 + v22 + v32 = (v1 + v2 + v3 )2 .
3

(2)

Here we encounter following two questions.
(i) How can we obtain the VEV relation (2) naturally?
(ii) How to build a model in which mei has a bilinear form
mei ∝ vi2 ,

(3)

naturally?
The ﬁrst question seems to be related to a permutation symmetry of S3 [4] or higher symmetries
which contain S3 . The second question can be solved by a seesaw-type mass generation mechanism for the charged fermions [5]. However, in the seesaw-type model, we must identify the
scalar ϕ as the three Higgs doublets with O(102 ) GeV VEVs, which may induce unwanted large
ﬂavor changing neutral currents (FCNCs) [7]. On the other hand, ϕs are not Higgs doublets in
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the Froggatt-Nielsen-type model[6] so that the FCNC problem might be avoided. However, it
should be emphasized that the bilinear form is just an assumption in the Froggatt-Nielsen-type
model.
The purpose of this paper is to propose a new mechanism which induces the bilinear form
mei ∝ vi2 in the framework of a SUSY scenario. The SUSY model which leads to the VEV
relation (2) and the bilinear form has been ﬁrstly proposed by Ma [8], where four Higgs ﬁelds
(ηi , ξi , ζi , ψi ) were introduced1 . The bilinear structure mei ∝ vi2 has been realized via mei ∝
⟨ηi0 ⟩ ∝ ⟨ζi0 ⟩⟨σi ⟩ ∝ ⟨σi ⟩2 , where ⟨σi ⟩ satisﬁes the VEV relation (2). This model is well organized
but there are too many Higgs doublets. In this paper, we will try to construct a new model which
∑
naturally induces the bilinear form of Yij ∝ k ⟨Φik ⟩⟨Φkj ⟩ in the diﬀerent way from Refs.[8] and
[9]. We will introduce only one SU(2)L -singlet superﬁeld Φ which plays a role of giving the VEV
relation (2) in addition to the conventional set of Higgs doubles, Hd and Hu , which give masses
of the charged leptons (and also the down-quarks) and the neutrinos (and also the up-quarks),
respectively.
Under an ﬂavor symmetry, leptons Li and Ei are transformed as
L = UX L′ ,

E = UX E ′ ,

(4)

where Li and Ei are left-handed SU(2)L doublets and SU(2)L singlets, respectively. We do not
specify whether the transformation UX is continuous or discrete. In the conventional model, the
Yukawa interaction of the charged lepton sector is given by
WY =

∑

Yij Li Hd Ej = Tr[Y (EHd L)].

(5)

i,j

The Yukawa coupling constants Yij are strictly constrained by the symmetry under UX , or the
symmetry is badly broken by the Yukawa interaction (5). We would like to consider a structureless Yukawa coupling, and the mass spectrum originates not in the Yukawa coupling constants
Y but in the VEV of scalars. In order for the Yukawa interactions to be invariant under the
transformation UX , we introduce a nonet scalar Φ which transforms as
†
Φ = UX Φ′ UX
.

(6)

When the ﬂavor symmetry is U(3), the scalar Φ is regarded as a nonet. A prototype model
with a U(3) nonet scalar is found in Ref.[2], and a more realistic U(3) nonet model is proposed
in Ref.[9]. A general form of WΦ is given by
WΦ = m1 Tr[ΦΦ] + m2 (Tr[Φ])2 + λ1 Tr[ΦΦΦ] + λ2 Tr[ΦΦ]Tr[Φ] + λ3 (Tr[Φ])3 .

(7)

A suitable choice of the parameters might give non-zero magnitude of ⟨Φ⟩, and the eﬀective
Yukawa interaction can be induced from
y
1

1
Tr[Φ(EHd L)],
M

ηi , ξi , ζi , and ψi are SU(2)L -doublet Higgs ﬁelds, and ηi has the Yukawa interaction f ηi Li Ei .

2

(8)

which is invariant under the transformation of UX . This is a Froggatt-Nielsen-type model
proposed in Ref.[9]. The interaction (8) is a higher dimensional term which is accompanied with
an energy scale M of the eﬀective theory, and the bilinear form is not derived. We will seek for
another mechanism which can give mei ∝ vi2 through renormalizable interactions.
Conventional models have considered exact unbroken ﬂavor symmetries at the beginning,
which are spontaneously broken later. In this paper we take a diﬀerent setup where the superpotential W has explicit (UX ) symmetry breaking terms, which are common in Yukawa interaction
(4) and a tadpole term Tr[Y Φ] as

This shows

W = WΦ − µ2 Tr[Y Φ] + WY .

(9)

∂W
∂WΦ
=0=
− µ2 Y = 3λ1 ΦΦ + f1 (Φ)Φ + f0 (Φ)1 − µ2 Y,
∂Φ
∂Φ

(10)

f1 (Φ) = 2(m1 + λ2 Tr[Φ]),

(11)

f0 (Φ) = 2m2 Tr[Φ] + λ2 Tr[ΦΦ] + 3λ3 (Tr[Φ])2 ,

(12)

where

and 1 is a 3 × 3 unit matrix. Now we put an ansatz that our vacuum is given by a solution of
Eq.(10) as
3λ1 ΦΦ − µ2 Y = 0,
(13)
and
f1 (Φ)Φ + f0 (Φ)1 = 0.

(14)

The requirement (13) realizes the bilinear relation of our goal as

Yij =

3λ1 ∑
⟨Φik ⟩⟨Φkj ⟩.
µ2

(15)

k

For the existence of non-zero and non-degenerate eigenvalues of vi , Eq.(14) requires f1 = 0 and
f0 = 0, i.e.
m1
Tr[Φ] = −
,
(16)
λ2
and
2m2 Tr[Φ] + λ2 Tr[ΦΦ] + 3λ3 (Tr[Φ])2 = 0.

(17)

Since the value of ⟨Φ⟩ is of order m1 /λ2 , the Yukawa coupling constant Y is of order m21 /µ2 .
Now let us consider how to obtain the VEV relation (2). When we denote the nonet Φ
in terms of the octet Φ(8) = Φ − 31 Tr[Φ] and the singlet Φ(1) = 13 Tr[Φ]12 , the term Tr[ΦΦΦ] is
divided into the following two parts,
Tr[ΦΦΦ] = Tr[Φ(8) Φ(8) Φ(8) ] + Tr[3Φ(1) Φ(8) Φ(8) + Φ(1) Φ(1) Φ(1) ],

2

Notice that Tr[Φ(8) ] = 0.

3

(18)

(

(8)

Tr[Φ

Φ

(8)

Φ

(8)

)
2
2
] = Tr[ΦΦΦ] − Tr[Φ] Tr[ΦΦ] − (Tr[Φ]) ,
9
(

(1)

Tr[3Φ

Φ

(8)

Φ

(8)

+Φ

(1)

Φ

(1)

Φ

(1)

)
2
2
] = Tr[Φ] Tr[ΦΦ] − (Tr[Φ]) .
9

(19)

(20)

As shown in Ref.[9], by imposing a Z2 invariance (Z2 parities +1 and −1 are assigned to the ﬁelds
Φ(1) and Φ(8) , respectively), the component Tr[Φ(8) Φ(8) Φ(8) ] with a negative parity is dropped
from the term Tr[ΦΦΦ] which induces the VEV relation (2). Unfortunately, we cannot apply
this Z2 symmetry to our model because it derives λ1 = 0. So we just assume that the cubic
term is given by Eq.(19) as3
WΦ = mTr[ΦΦ] + λTr[Φ(8) Φ(8) Φ(8) ]

(21)

in the present stage. Since the cubic term Tr[ΦΦΦ] in the expression (19) can be canceled with
the tadpole term −µ2 Tr[Y Φ], remaining terms are essentially identical with the expression (20).
Then the assumption (21) gives
m1 = m, m2 = 0,

2
λ1 = λ, λ2 = −λ, λ3 = λ,
9

(22)

which leads to the VEV relation

2
Tr[ΦΦ] = (Tr[Φ])2 ,
(23)
3
with Eq.(17). The relation (23) is the VEV relation (2) on a basis of ⟨Φij ⟩ = δij vi .
Now, let us discuss the neutrino sector. If the same scalar Φ contributes to the neutrino
sector, we cannot explain the observed value [10, 11]

R≡

2
−5
(7.9+0.6
∆m2solar
−0.5 ) × 10 eV
= (2.9 ± 0.5) × 10−2 ,
=
+0.44
2
−3
∆m2atm
(2.74−0.26 ) × 10 eV

(24)

because this gives too small value of R ≃ (mµ /mτ )2 = 3.4 × 10−3 for Dirac neutrinos mDirac
∝
i
2
4
−5
Dirac
2
vi ∝ mei , and R ≃ (mµ /mτ ) = 1.2 × 10 for Majorana neutrinos with mνi ∝ (mi
) . So
we should consider that the scalar Φ which contributes to the neutrino sector is diﬀerent from
the charged lepton sector (we will refer the former as Φu and the latter as Φd ). We would like
to consider that the essential structure of the superpotential W (Φu ) is the same as W (Φd ) with
the relation (23) for ⟨Φu ⟩. Here, let us deﬁne a useful notation of dimensionless parameters zi
√
which is deﬁned by vi = vzi , where v = v12 + v22 + v32 . Then, the values zi s satisfy the relation
z12 + z22 + z32 = 1 = (2/3)(z1 + z2 + z3 )2 . Remembering that three real solutions xi s of a cubic
equation ax3 + bx2 + cx + d = 0 are expressed by a form xi = α + β sin(θ + (2/3)(i − 1)π)
(i = 1, 2, 3), the parameters zi s can be expressed by
.z1 =
z2 =
z3 =
3

√1 − √1 sin θ,
6
3
(
√1 − √1 sin θ +
6
3
(
√1 − √1 sin θ +
6
3

The form (21) is only a phenomenological assumption.
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)

2
3π ,
)
4
3π ,

(25)

since vi are eigenvalues of the 3 × 3 matrix of ⟨Φ⟩4 . Thus the ratio of (24) is written as

Rn =

z2n − z1n
.
z3n − z2n

(26)

If neutrino masses are Dirac type without a seesaw mechanism, the observed ratio (24) is given
by Eq.(26) with n = 4. On the other hand, if neutrino masses are Majorana type which are
generated by a seesaw mechanism with MR ∝ 1, the ratio is given by Eq.(26) with n = 8. They
suggest
θν = 57.0◦ ± 1.4◦ ,
(27)
for R4 = 0.029 ± 0.005 and
θν = 72.5◦ ± 0.8◦ ,

(28)

for R8 = 0.029 ± 0.0055 . As for the charged lepton sector, the observed charged lepton masses
(me , mµ , mτ ) suggest
θe = 42.7324◦ ,
(29)
which give z1 = 0.016473, z2 = 0.236869 and z3 = 0.971402. It is interesting that the value (28)
satisﬁes θν − θe ≃ 30◦ .
So far, we have not discussed the neutrino mixings. Notice that the results (16) – (17) (and
also (23)) are satisﬁed independently of the ﬂavor basis. The Yukawa coupling constants Yν and
Ye are related to the VEV relations ⟨Φf ⟩ (f = u, d) as

Yν =

3λu
⟨Φu ⟩2 ,
µ2u

Ye =

3λd
⟨Φd ⟩2 .
µ2d

(30)

So if we ﬁx the ﬂavor basis of Li , bases of (Yν )ij and (Ye )ij are also ﬁxed. For an example, if we
choose the ﬂavor basis in which Ye is diagonal (⟨Φd ⟩ is diagonal), the matrix Yν (⟨Φu ⟩) is not
diagonal on this basis in general. So far we can only know the eigenvalues of ⟨Φf ⟩ and cannot
know an explicit form of the matrix ⟨Φu ⟩. In order to ﬁx a ﬂavor mismatch between Yν and Ye ,
we try to introduce an additional term εTr[Bf Φf ] in the superpotential from the practical point
of view as
(31)
Wf = WΦf − µ2f Tr[Yf Φf ] + WYf + εTr[Bf Φf ],
where Bf are not ﬁelds but numerical matrices. We assume that the basis where the VEV
matrix ⟨Φf ⟩ becomes diagonal is ﬁxed by the condition
e f ] = 0,
Tr[Bf Φf ] = Tr[Uf† Bf Uf Φ

(32)

e f ≡ diag(vf 1 , vf 2 , vf 3 ) = U † Φf Uf .
Φ
f

(33)

where
√
The factor 1/ 6 is coming from the normalization of (z1 + z2 + z3 )2 = 3/2.
5
Here we chose the case z12 < z22 ≪ z32 . Since we have not ﬁxed the neutrino mixing matrix so far, we can also
choose another solutions of θν by the replacement of θ → 60◦ − θ which corresponds to the case z22 < z12 ≪ z32 .
4

5

Since the matrices Bf have been introduced only for the purpose to ﬁx the ﬂavor basis for
concerned Yukawa interactions, we can take ε → 0 in the ﬁnal results. For an example, let us
examine the case of [9], where the ﬂavor symmetry is U(3) and it breaks to S4 . The nonet scalar
Φd is expected to be broken to 1 + 2 + 3 + 3′ of S4 and the components of 1 + 2 generate the
charged lepton masses. This splitting between 1 + 2 and 3 + 3′ is realized by a matrix

0 1 1


Be =  1 0 1  ,
1 1 0


(34)

because components Φij (i ̸= j) denote 3+3′ of S4 in the nonet expression of Φ, and components
Φ11 = √13 Φσ + √26 Φη , Φ22 = √13 Φσ − √16 Φη − √12 Φπ and Φ33 = √13 Φσ − √16 Φη + √12 Φπ denote a
singlet Φσ and a doublet (Φπ , Φη ) of S4 . In this case, the trace Tr[Be Φ˜d ] is obviously zero with
Ue = 1. As for the neutrino sector, the splitting between the doublet of S4 is crucial so we take



0 0
0


Bν =  0 −1 0  ,
0 0 +1
which suggests ϕπ is the component of the doublet (ϕπ , ϕη ) of
is rotated by

√2
√1
0
6
3

1
1
√
√
− √12
Uν = UT B ≡ 
 − 6
3
√1
− √16 √13
2

(35)

S4 as in Eq.(33). The matrix Bν


,


(36)

as


UT† B Bν UT B


0
0 −1
√ 
1 
=√  0
2 ,
0
√
3
−1
2 0

(37)

e u ] can be set to zero for Uν = UT B .
where the ﬂavor-basis-ﬁxing term Tr[Bν Φu ] = Tr[Uν† Bν Uν Φ
e u )2 U † on the
It means that the Yukawa coupling constant Yν is given by Yν = (3λ/µ2 )UT B (Φ
TB
basis where Ye is diagonal. This suggests the neutrino mixing matrix is given by “tri/bi-maximal
mixing” Uν = UT B [14]. Notice that this does not mean we have derived the tri/bi-maximal
mixing in our model, since the mixing form is due to the ad hoc choice of (35). The ansatz
(32) is only a trial, but the introduction of a ﬂavor-basis-ﬁxing term seems to be an interesting
candidate to complete our scenario.
In conclusion, we have examined the idea that the fermion mass spectrum originates not
in the structure of the Yukawa coupling but in the VEV structure. We have proposed a new
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mechanism which gives the bilinear form of mi ∝ vi2 without introducing higher dimensional
interactions as in the Froggatt-Nielsen model. We have applied this mechanism to the charged
lepton mass relation (2) at ﬁrst. For the derivation of Y ∝ ⟨Φ⟩2 , it has been essential that the
ﬂavor symmetry of the superpotential WΦ (Φ) is broken only by the tadpole term µ2 Tr[Y Φ],
where ∂W/∂Φ = 0 has derived Y ∝ ⟨Φ⟩2 . Notice that the bilinear form (15) is not a unique
solution (vacuum), and there are other solutions (vacuums) in the general form of

Y =

1
{3λ1 ΦΦ + f1 (Φ)Φ + f0 (Φ)1} .
µ2

(38)

If we take the vacuum where the Yukawa coupling constant Y is only proportional to ⟨Φ⟩,
i.e. µ2 Y = 2m1 ⟨Φ⟩, we cannot obtain the non-degenerate and non-zero eigenvalues of ⟨Φ⟩.
The desirable eigenvalues (non-degenerate and non-zero eigenvalues) exist in the vacuum of
µ2 Y = 3λ1 ⟨Φ⟩⟨Φ⟩. When we choose a solution of (13), we obtain f1 = f0 = 0 as a byproduct in
the present scenario. Our purpose of this paper is not the derivation of the formula of (2). We
have just assume the form of (21), which induces the VEV relation (2) through the requirement
of f0 (Φ) = 0.
We have also applied the same mechanism to the neutrino sector. We have shown one
attempt of generating the ﬂavor mixings by introducing the additional interaction. We will
seek for more reasonable prescription of generating ﬂavor mixings. In this paper, we have not
investigated the quark mass spectra. It is well known that the observed quark masses do not
satisfy the relation (23) [(2)] (for example, see Table 1 in Ref.[15]). We will seek for a uniﬁed
description including quark sectors based on the bilinear mass matrix formulation.
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