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Abstract
We have already proposed a quark and lepton mass matrix model based on U(3)×U(3)′
family symmetry as the so-called Yukawaon model, in which the U(3) symmetry is broken by
VEVs of ﬂavons (Φf )i α which are (3, 3∗ ) of U(3)×U(3)′ . The model has successfully provided
the uniﬁed description of quark and lepton masses and mixings by using the observed charged
lepton masses as only family-number dependent input parameters. Our next concern is
scales of VEVs of the ﬂavons. In the present paper, we estimate the magnitudes of the VEV
scales of ﬂavons of the model which is newly reconstructed without changing the previous
phenomenological success of parameter ﬁtting for masses and mixings of quarks and leptons.
We estimate that VEVs of ﬂavons with (8 + 1, 1), (3, 3∗ ), and (1, 8 + 1) are of the orders
of 10 TeV, 104 TeV, and 107 TeV, respectively.

PCAC numbers: 11.30.Hv, 12.60.-i, 12.15.Ff, 14.60.Pq,

1 Introduction
The greatest concern in the ﬂavor physics is how to understand the origin of the observed
hierarchical structures of masses and mixings of quarks and leptons. Recently, we have proposed
a quark and lepton mass matrix model based on U(3)×U(3)′ ﬂavor symmetry [1, 2]. The model
is an extended version of the so-called “Yukawaon” model [3]. The model is a kind of ﬂavon
model [4] to understand origin of masses (mass matrices) by vacuum expectation values (VEVs)
of ﬂavons.
In the U(3)×U(3)′ model, our quarks and leptons are triplets of U(3)×U(3)′ family symmetry. The U(3) symmetry is broken not by scalars in U(3), but by scalars (3, 3∗ ) of U(3)×U(3)′ ,
Φf , whose VEVs are given by a universal form ⟨Φf ⟩ = vΦ diag(z1 , z2 , z3 ). (Only for up-quark
sector f = u, ⟨Φu ⟩ takes phase factors as seen in Eq.(2.13).) Family-number dependent parame√
√
√
ters are only zi , and we will take (z1 , z2 , z3 ) ∝ ( me , mµ , mτ ) as seen in Eq.(1.6). However,
in this model, we do not ask the origin of the values of zi , This is a future task to us. On the
other hand, the diﬀerence among sectors f = (u, d, ν, e) seen in the observed masses and mixings
is brought by scalars Sf = (1, 8 + 1) of U(3)×U(3)′ by assuming that the U(3)′ symmetry is
broken into a discrete symmetry S3 . The VEV forms of Sf are given by Eq.(1.2), which are
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described only by one family-number-independent parameter bf . Thus, masses and mixings of
quarks and leptons are described only by this parameter bf .
Let us review our model more concretely. In the previous model [1, 2], quark and lepton
mass matrices M̂f (f = u, d, ν, e) have been given by a common form
(M̂f )i j = ⟨Φf ⟩i α ⟨Ŝf−1 ⟩αβ ⟨Φ̄f ⟩βj ,

(1.1)

where i, j and α, β are indexes of U(3) and U(3)′ , respectively.1 In this model, all of scalars
(except for Higgs scalars H) are singlets of SU(3)c ×SU(2)×U(1)Y . Such a uniﬁed description of
quark and lepton mass matrices based on the form (1.1) with matrix forms (1.2) and (1.3) given
later has ﬁrst been proposed in Ref.[5] in order to get top quark mass enhancement. (However,
their work was not based on the symmetry U(3)×U(3)′ .) We consider that the form (1.1) comes
from a seesaw-like mechanism for quarks and leptons fi and hypothetical heavy fermions Fα .
(The detail formulation is discussed in Sec.2.)
We assume that the symmetry U(3)′ is broken into a discrete symmetry S3 at µ = Λ′ , so
that VEV forms of Ŝf are given by a form (unit matrix + democratic matrix) [6]:
⟨Ŝf ⟩ = vS (1 + bf X3 ),

(1.2)

where 1 and X3 are deﬁned by

1 0 0


1 =  0 1 0 ,
0 0 1



1 1 1
1

X3 =  1 1 1  ,
3
1 1 1


(1.3)

and bf are complex parameters.
On the other hand, we consider that U(3) is broken by VEVs of Φf with (3, 3∗ ) of
U(3)×U(3)′ , the VEV forms of which are assumed to be diagonal as given by
f

f

f

⟨Φf ⟩ = vΦ diag(z1 eiϕ1 , z2 eiϕ2 , z3 eiϕ3 ).

(1.4)

We shall see that ϕfi = 0 for f = d, e, ν in later discussions. Therefore, we hereafter denote
(ϕu1 , ϕu2 , ϕu3 ) as (ϕ1 , ϕ2 , ϕ3 ) simply.
We will give be = 0, i.e. Ŝe = vS 1 as seen in Eq.(2.9) in the next section. Thereby the
charged lepton mass matrix is given by
M̂e ∝ diag(z12 , z22 , z32 ),

(1.5)

In this paper, we denote ﬂavons with (8 + 1, 1) and (1, 8 + 1) of U(3)×U(3)′ as Âi j and Âαβ with “hat”,
respectively. We also denote a ﬂavon (3∗ , 3∗ ) as Āαi in contrast to Aiα of (3, 3). However, for ﬂavons with (3, 3∗ )
and (3∗ , 3), we denote those as Ai α and Āαi , respectively, giving priority to U(3) index.
1
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from which we get a relation
√
mei
zi = √
.
me + mµ + mτ

(1.6)

Here mei = (me , mµ , mτ ) are charged lepton masses, and the real parameters zi are normalized
as z12 + z22 + z32 = 1. Note that the parameter values (z1 , z2 , z3 ) are universal for every sector
f = u, d, e, ν. On the other hand, the parameters bf are sector-dependent (f -dependent but
family-independent (f -independent). Family-dependent parameter ϕi are described in terms of
zi [7] as seen in later discussions. Therefore, family dependent parameters are only zi . In this
model, parameters which we can adjust are only the family-independent parameters bf . Note
that the parameters bf determine not only mass eigenvalues (mf 1 , mf 2 , mf 3 ) but also family
mixing matrix Uf .
The origin of the parameter values (1.6) has not been given in the Yukawaon model. The
relation (1.6) is nothing but an ad hoc assumption. Here, we would like to emphasize the
strategy of the Yukawaon model based on the U(3)×U(3)′ symmetry. In most mass matrix
models, a symmetry for quarks and leptons is given, and thereby the masses and mixings are
derived. (It is investigated how the family symmetry breaks into a suitable sub-symmetry or
discrete symmetry.) In the Yukawaon model, we do not propose an explicit symmetry breaking
mechanism for U(3) symmetry. We only use the observed values of the charged lepton masses
for the relation (1.5). The mechanism which gives charged lepton masses is left for a future task,
and, for the moment, we do not ask the origin. Instead, we try to give uniﬁed description of
all mass ratios and mixings in terms of the charged lepton mass values, and without using any
family-number dependent parameters at all. The purpose of the Yukawaon model is to show
that all the quark and lepton mass ratios and mixings can be described when we accept the
observed charged lepton mass values as only family-dependent parameters. Anyhow, we could
successfully obtain [1] a uniﬁed description of quark and lepton masses and mixing by using the
observed charged lepton masses as only family-number dependent input parameters. The aim
has been almost accomplished in the phenomenological level.
Here, let us comment on our U(3)×U(3)′ gauge model. The symmetry is an extended
version of Sumino’s U(3)×O(3) model [8]. The model is easily extended into a U(3)×U(3)′
model [9]. The Sumino’s family gauge boson (FGB) model has the following characteristics:
(i) Family symmetry U(3) is broken at a low energy scale of O(103 ) TeV by a scalar Φαi which
is (3, 3) of U(3)×O(3). (ii) The FGB mass matrix is diagonal in the ﬂavor basis in which the
charged lepton mass matrix is diagonal, so that lepton family-number violation does not occur.
(iii) FGB masses and gauge coupling gF are not free parameters. FGB masses and gF are
related to the charged lepton masses and to the electroweak gauge coupling, respectively. Hence
the predictions in the model are less ambiguous. (iv) Family-number violation in quark sector
can appear only via quark mixing. Therefore, the family-number violation is forbidden in the
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limit of VCKM = 1 (VCKM is the Cabibbo-Kobayashi-Maskawa matrix [10]). At present, the
most sever constraint [11] on the Sumino’s FGB masses comes from the observed P 0 -P̄ 0 mixings
(P = K, D, B, Bs ).
The original intention in the Sumino model [8] was to give an interpretation for why the
charge lepton mass relation [12] holds for pole mass excellently. (A brief review is given in
Appendix A.) Sumino has proposed a cancellation mechanism between QED and family gauge
boson diagrams. However, the cancellation is only for log mei term, and besides, since there are
other contributions to the running masses, the Sumino cancellation holds only within a limited
energy scale range. Sumino has speculated that the scale of the FGB mass is 103 TeV [8]. If we
accept the Sumino’s speculation, too large VEV scale of the ﬂavon Φf will be ruled out, while
too small VEV scale is contrary to the constraint from the observed P 0 -P̄ 0 mixings.
Our concern in this paper is a VEV scale of the ﬂavon Φf . In the past Yukawaon models,
VEV scales of ﬂavons have not been discussed. In this paper, quark and lepton masses and
mixings are re-investigated by taking the energy scales of VEV of ﬂavons into consideration. In
order to discuss the VEV scales consistently, we rebuild the model. As a result, the basic formulation is drastically changed, although the phenomenological study inherits from the previous
works [1, 2],
The new model in this paper is characterized as follows: (i) There are no Yukawaons,
although the ﬂavons Φf and Ŝf still play an essential role in the new model, too. (ii) There are
three type of VEV scales. We denote these scales as
⟨Ŝf ⟩•• ∼ Λ1 ,

⟨Φf ⟩◦• ∼ Λ2 ,

⟨E◦◦ ⟩ ∼ Λ3 .

(1.7)

More exactly speaking, we deﬁne Λ1 as Λ1 = vS in Eq.(1.2), and Λ2 as Λ2 = vΦ (except for
f = ν) in Eq.(1.4), respectively. We have also denote a scale Λ3 as vE = Λ3 which appears in
Eq.(2.14) later. Here and hereafter, in order to be easy to see a scale of ﬂavons, we will sometimes
show the indexes of U(3) and U(3)′ , by “◦” and “•”, instead of i, j, k, · · · ” and ”α, β, γ, · · · ”,
respectively. We consider Λ1 ≫ Λ2 ≫ Λ3 . The purpose of the present paper is to ﬁx those scales
by the observed data. (iii) The most troublesome problem is VEV scales in neutrino sector. In
our model, in oder to make the model anomaly free, the right-handed neutrinos νR belong to
triplet of U(3) as well as νL , so that the right-handed neutrino Majorana mass matrix (MR )ij are
given by VEV of a ﬂavon ȲR , ⟨ȲR ⟩ij . We demand that Majorana mass matrix of the left-handed
neutrinos is given by a seesaw mechanism
(MνM aj )◦◦ = (M̂ν )◦◦ ⟨ȲR−1 ⟩◦◦ (M̂νT ⟩◦◦ .

(1.8)

However, in the present model, a scale of the right-handed neutrino Majorana mass matrix is
considerably small diﬀerently from the conventional neutrino seesaw [13], because our ﬂavon
seems to have ⟨ȲR ⟩◦◦ ∼ Λ3 . This is somewhat troublesome. We will squarely grapple with this
problem.
4

In Sec.2, we discuss our Dirac mass matrix forms which are given in Eqs.(1.1) - (1.3). In
Sec.3, we discuss relations between phase parameters ϕi given in Eq.(1.4) and the charged lepton
masses mei . That is, we show that the apparently “family-number dependent parameters ϕi can
be described in terms of charged lepton mass parameters (me , mµ , mτ ). This was ﬁrst pointed
out in Ref.[7]. In our present model, since the VEV relations are completely revised, the relations
between ϕi and mei are also completely diﬀerent from previous ones. The new relations lead us
not only to that the relations give an understanding of the values ϕi on the basis of the charged
lepton masses mei , but also to that we can predict the scales Λ1 , Λ2 and Λ3 by using the result
of data-ﬁtting in the ϕi -mei relations. In Sec.4, we discuss slight VEV deviations among ﬂavons
with the same transformation of U(3)×U(3)′ . This is not essential to predict Λ2 /Λ1 and Λ3 /Λ2 .
However, in order to obtain more consistency in our scenario, we will discuss somewhat detailed
VEV relations. In Sec.5, we discuss a Mojorana mass matrix form of the right-handed neutrinos
νR as a preparation for predicting the scales Λ1 , Λ2 and Λ3 . In Sec.6, we discuss the VEV scales
Λ1 , Λ2 and Λ3 . Finally, Sec.7 is devoted to concluding remarks.

2 Dirac mass matrices
2.1 Seesaw-type mechanism in the Dirac mass matrix
In our model based on U(3)×U(3)′ symmetry, we consider hypothetical fermions Fα (α =
1, 2, 3), which belong to (1, 3) of U(3)×U(3)′ , in addition to quarks and leptons fi (i = 1, 2, 3)
which belong to (3, 1). In this model, diﬀerently from the Yukawaon formulation, we assume
that the VEV form (1.1) originates from the following 6 × 6 mass matrix model:
(
(f¯Li F̄Lα )

(0)i j
(Φ̄f )αj

(Φf )i β
−(Sf )αβ

)(

fRj
FRβ

)
.

(2.1)

Here, FL(R) are heavy fermions with (1, 1, 3) of SU(2)L ×U(3)×U(3)′ . On the other hand, fR
are right-handed quarks and leptons, fR = (u, d, ν, e− )R , while fL are not physical ﬁelds. They
are given by the following combinations:
(
fL ≡ (fu , fd , fν , fe )L ≡

where

(
qL =

uL
dL

)

(
,

ℓL =

1 †
1 †
1 †
1 †
H qL ,
H qL ,
H ℓL ,
H ℓL
ΛH u
ΛH d
ΛH u
ΛH d

νL
e−
L

)

(
,

Hu =

Hu0
Hu−

)

(
,

Hd =

)

Hd+
Hd0

(2.2)

)
.

(2.3)

In other words, the matrix given in Eq.(2.1) denotes would-be Yukawa coupling constants.
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After the U(3) and U(3)′ have been completely broken, the quarks and leptons are described
by the eﬀective Hamiltonian
c j
HY = (ν̄L )i (M̂ν )i j (νR )j + (ēiL (M̂e )i j (eR )j + yR (ν̄R )i (YR )ij (νR
)

+(ūL )i (M̂u )i j (uR )j + (d¯L )i (M̂d )i j (dR )j .

(2.4)

Of course, (M̂f )i j do not mean ﬂavons although we have called those “Yukawaons” in the past
Yukawaon model [3]. Note that the quarks and leptons fi are not U(3) family triplet any more
in the exact meaning, but they are mixing states between f and F . However, we will still use
the index of U(3) family for these fermion states. Also, note that there are no Yukawaons in
the present model. By performing a seesaw-like approximation with Λ2 ≪ Λ1 , the mass matrix
(2.1) leads to the following Dirac mass matrices of quarks and leptons:

(M̂f )i j ≃

⟨Hu/d ⟩
⟨Φf ⟩i α ⟨(Ŝf )−1 ⟩αβ ⟨Φ̄f ⟩βj .
ΛH

(2.5)

In this paper, we search VEV scales of ﬂavons by assuming that our ﬂavon VEV scale
is given by one of Λ1 , Λ2 and Λ3 , except for Hu/d . As we stated in Sec.2, we put 1/(Λ1 )n for
superpotential term with dimension (3+n). However, we assume that these rules are exceptional
for the factor Hu/d /ΛH . The VEV of Hu and Hd are ﬁxed as
1
vHu = vHd ≡ vH ≡ √ × 246 GeV.
2

(2.6)

(The reason of vHu = vHd will be given in Eq.(4.6) later.) We will take ΛH as a diﬀerent value
from Λ1 , Λ2 and Λ3 . That is, we consider that the additional factor Hu/d /ΛH in Eq.(2.5) is
factor at the electroweak scale after our family symmetries U(3)×U(3)′ are completely broken.
For the time being, we do not discuss the mechanism which gives the factor Hu/d /ΛH .
2.2 R-charge assignment of Φf
We assume that R charges are still conserved under the block diagonalization of (2.1), so
that we consider an R charge relation
R(Ŝf ) = R(Φf ) ≡ rf .

(2.7)

Here we denote R charge of the ﬂavon Ŝf as R(Ŝf ) and so on. We have taken R charge of the
Higgs ﬁelds as R(Hu/d ) = 0. Then, the Dirac mass matrix M̂f has eﬀectively a R charge rf
(although M̂f is not a ﬂavon). Note that if there is a ﬂavon combination (Φf ′ Φ̄f ′′ )i j /Λ1 with
rf ′ + rf ′′ = rf , the combination can couple to f¯Lj fRi as well as (M̂f )i j with the same energy
scale (Λ2 )2 /Λ1 . Besides, if (Φ̄f Φf ′ ) and another (Φ̄f ” Φf ”′ ) have the same R charge, those can
6

have the same VEV structure. This is an unwelcome situation, because we demand that Φu and
Φν have somewhat diﬀerent VEV structures from Φe and Φd as we state later. A simple way
to avoid appearance of such unwelcome combinations is to take R charge diﬀerence among Φf ’s
completely diﬀerent from each other: re − ru = 2/3, rd − re = 3/3, rν − rd = 4/3, i.e.
(
(ru , re , rd , rν ) =

1
10
, 1, 2,
3
3

)
.

(2.8)

The reason ru < re will also be discussed later.
The reason why we choose re = 1 is as follows: Only when re = 1, we can write a superpotential for Ŝe ,
WSe = λS1 [(Ŝe )αβ (Ŝe )βα ] + λS2 [(Ŝe )αα ][(Ŝe )ββ ].
(2.9)
Supersymmetric vacuum condition for this WSe leads to Ŝe = vS 1, so that we obtain be = 0. This
means that the charged lepton mass matrix M̂e is proportional to diag(z12 , z22 , z32 ). Therefore,
our parameters zi are given by (1.6). The phase parameters ϕei do not have physical meaning
because ⟨Φe ⟩ is commutable with ⟨Ŝe ⟩ = vS 1, so that we can hereafter put ϕei = 0, i.e. ⟨Φe ⟩ =
ve diag(z1 , z2 , z3 ).
In Table.1 we list R charges of leading ﬂavons.
2.3 VEV relation among Φf
In this paper, we will often give eﬀective superpotential terms. We write down those
eﬀective superpotentials according to the following rules: (i) For eﬀective superpotential terms
with a higher mass-dimension (n + 3), we put a factor (1/Λ1 )n in order to adjust the term to
the dimension 3. (ii) In order to avoid unwelcome terms with higher dimension, we assume R
charge conservation and positive R charge assignment (except for special ﬂavons Θ as we show
later), so that superpotential terms with R > 2 are forbidden.
A VEV of Φd is obtained by the following superpotential
{
}
1
β
β
γ
α
α
Wd = (Φd )i (Ê)β + λd (Φe )i (Ŝe )β (Ê)γ (Θ̄d )αi .
Λ1

(2.10)

Here and hereafter, we assume that the Θ ﬁelds always take ⟨Θ⟩ = 0. Therefore, from ∂Wd /∂Θd =
0, we obtain
(Φd )i β (Ê)βα = −λd

1
(Φe )i β (Ŝe )βγ (Ê)γα .
Λ1

(2.11)

Therefore, when the scale of (Ê)γα is Λ1 , we obtain the VEV ⟨Φd ⟩ with the same order as ⟨Φe ⟩,
i.e. ⟨Φd ⟩ = vd diag(z1 , z2 , z3 ) with ϕdi = 0.

7

However, for Φu with R = 1/3, we have to consider another type of superpotential,
{
Wu =

}
λu1
γ
β
k
β
k
(Φ̄u )α (Φu )k (Ê)γ + λu2 (Φ̄d )α (Φd )k (Θ̂u )βα .
Λ1

(2.12)

Here, we have introduced a new ﬂavon Ê•• with R = 5/3 and a VEV form ⟨Ê⟩ = vE 1. Since
this potential gives a relation between Φu Φ̄u and Φd Φ̄d , ⟨Φu ⟩ can have phase factors diﬀerently
from real VEV matrix ⟨Φd ⟩. Hereafter, we simply denote phase parameters ϕui as ϕi :
⟨Φu ⟩ = vu diag(z1 eiϕ1 , z2 eiϕ2 , z3 eiϕ3 ).

(2.13)

Meanwhile, in this model, ﬂavons E with VEV matrix form vE diag(1, 1, 1) frequently appear. For E with the VEV scale Λ3 and R = 2/3, we consider a superpotential given by
ˆ ◦ ]Tr[E◦◦ Ē ◦◦ ].
WE = λ1 Tr[Ê◦◦ E◦◦ Ē ◦◦ ] + λ2 Tr[E
◦

(2.14)

SUSY vacuum condition leads to
Ê◦◦ = vE 1,

E◦◦ Ē ◦◦ = (vE )2 1.

(2.15)

For E◦◦ , we take a special solution E◦◦ = vE 1 in the relation E◦◦ Ē ◦◦ = (vE )2 1. For Ê•• and
E•• , there is not such a simple superpotential. We have to assume the following superpotential
WE = λ1 Tr[Ê•• Ê•• (Θ̂−4/3 )•• ] + λ2 Tr[E•• Ē •• (Θ̂−4/3 )•• ] + . . . ,

(2.16)

where (Θ̂−4/3 )•• has R = −4/3. We also assume
WE = Tr[Ê◦◦ E◦• Ē •◦ (Θ̂2/3 )◦◦ ] + · · · ,

(2.17)

where (Θ̂2/3 )◦◦ has R = 2/3.
Finally, let us discuss a VEV relation of ⟨Φν ⟩. We cannot consider the similar mechanism as
⟨Φf ⟩ using Ê, since we need to give a small scale compared with ⟨Φe ⟩ ∼ Λ2 in order to satisfy the
seesaw approximation (1.8). (Since the scale Λ2 means the maximal scale of a ﬂavon with A◦• ,
the requirement ⟨Φν ⟩ < Λ2 has no problem.) Therefore, we assume the following superpotential
term:
{
}
1
• ••
◦•
Wν = µν (Φν )◦• + λν
(Φ
)
Ē
E
Ē
(Θ̄ν )•◦ ,
(2.18)
e ◦
•◦
(Λ1 )2
where new ﬂavons E◦◦ and E•• with VEV form vE 1 has R charges
2
R(E◦◦ ) = ,
3

5
R(E•• ) = ,
3

8

1
R(E◦• ) = .
3

(2.19)

Table 1: R charges and VEV scales of leading ﬂavons.
U(3)×U(3)′ is indicated by “◦” and “•”, respectively.

Transformation property under

ﬂavon

(Φu )◦•

(Φe )◦•

(Φd )◦•

(Φν )◦•

(Ŝu )••

(Ŝe )••

(Ŝd )••

(Ŝν )••

R

1
3

3
3

6
3

10
3

1
3

3
3

6
3

10
3

Scale

Λ2

Λ2

Λ2

Λ3

Λ1

Λ1

Λ1

Λ2

E◦◦

Ê◦◦

E◦•

E••

Ê••

(Ŷeu )••

(S̄u′ )◦•

(ȲR )◦◦

2
3

2
3

1
3

5
3

5
3

4
3

5
3

13
3

Λ3

Λ3

Λ2

Λ1

Λ1

Λ1

Λ2

Λ3

(Θ̄d )•◦

Θ̄u )••

(Θ̄ν )•◦

(Θ̂ν )••

(Θ̂ϕ )••

(ΘR )◦◦

(Θ̂eu )••

(Θ′Su )•◦

(Θ̂E )••

(Θ̂E )◦◦

− 53

− 23

− 43

− 43

2
3

−3

2
3

−1

− 43

2
3

0

0

0

0

0

0

0

0

0

0

Therefore, a VEV scale of (Φν )◦• with R = 10/3 is given by
∥Φν ∥ =

(Λ2 )3
,
µν Λ1

(2.20)

diﬀerently from other (Φf )◦• . Hereafter, for convenience, we denote a VEV scale of a ﬂavon A
as a notation ∥A∥. Also, in the estimation of VEV scales, for simplicity, we put λ = 1 for all
dimensionless coeﬃcients λ in superpotentials (2.9), (2.10), and so on. We denote Eq.(2.20) as

⟨Φν ⟩ = ξν ⟨Φe ⟩,

ξν =

(Λ2 )2
.
µν Λ1

(2.21)

We have obtained be = 0, i.e. ⟨Ŝe ⟩ = vS 1 by assigning re = 1 as shown in Eq.(2.9).
However, since Ŝν has R = 10/3, we cannot assert bν = 0 by means of a similar way to Eq.(2.9).
We want a similar VEV structure of M̂ν to M̂e except for its VEV scale. Therefore, we assume
a superpotential similar to (2.18):

WSν

{
= µSν (Ŝν )•• + λν

}
1
• ••
◦•
(Ŝe )• Ē E•◦ Ē
(Θ̂ν )•• .
(Λ1 )2

(2.22)

(Λ2 )2
,
µSν Λ1

(2.23)

Then, we obtain a result similar to (2.21):

⟨Ŝν ⟩ = ξSν ⟨Ŝe ⟩,

ξSν =

9

so that we can obtain M̂ν with the same form as M̂e :

M̂ν = ξM M̂e ,

ξM = (ξν )2 (ξSν )−1 =

µSν (Λ2 )2
.
(µν )2 Λ1

(2.24)

2.4 Parameter values in the quark sector
As far as quark sector is concerned, the VEV matrices are exactly the same as those in the
previous paper, although the model is completely diﬀerent from the previous one.
We choose parameter values2 as
bu = −1.011,

bd = −3.522 ei

17.7◦

,

(2.25)

and
(ϕ̃1 , ϕ̃2 ) = (−176.05◦ , −167.91◦ ),

(2.26)

where we have ﬁtted (ϕ1 , ϕ2 , ϕ3 ) as (ϕ̃1 , ϕ̃2 , 0) without losing generality. Then, we can obtain
reasonable quark masses and CKM mixing as shown in Appendix B. Note that the parameter
ϕ0 cannot be ﬁxed in the CKM ﬁtting, i.e, it is an unobservable parameter as we discuss in the
next section.

3 Relation between phase parameters ϕi and charged lepton masses mei
The parameters (ϕ1 , ϕ2 , ϕ3 ) were typical family-number dependent parameters. Now we try
to describe (ϕ1 , ϕ2 , ϕ3 ) in terms of charged lepton masses mei and two family-number independent parameters. This has ﬁrst been pointed out by the authors [7]. However, since the R-charge
assignment in the present model is completely diﬀerent from that in the previous model, the
relations between the phase parameters ϕi and charged lepton masses mei is also changed. New
relations will be simply denoted with fractional coeﬃcients and thereby it will make possible to
estimate the scales of U(3)×U(3)′ .
We assume the following superpotential
{
Wϕ =

]
λϕ1 [
λϕ2
(Φ̄u )•◦ E◦◦ (Ē)◦• + h.c. +
(Φ̄u )•◦ (E)◦• (Ē)•◦ (Φu )◦•
Λ1
(Λ1 )2
λϕ
+ 2 3 (Φ̄u )•◦ (Φu )◦• (Φ̄u )•◦ (Φu )◦•
(Λ1 )

}
(Θ̂ϕ )•• ,

(3.1)

where R(Θϕ ) = 2/3. Note that in addition to the second term (Φ̄u )•◦ (E)◦• (Ē)•◦ (Φu )◦• in
Eq.(3.1), the following additional terms are allowed: (Φ̄u )•◦ (Φu )◦• (E)•◦ (Ē)◦• , (Φ̄u )•◦ (E)◦• (ΦTu )•◦ (Ē)◦• ,
2

In the parameter ﬁtting, we have used running masses at µ = mZ as input quark and lepton masses.
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(E)•◦ (Φ̄Tu )◦• Ē •◦ (Φu )◦• , and (E)•◦ (Ē)◦• (Φ̄u )•◦ (Φu )◦• . Here, some remarks are in order: (i) we
regard those additional terms as “substantially same terms”, (ii) but, we count a ﬂavon A† as a
diﬀerent ﬁeld from A, and (iii) the coeﬃcient λ is deﬁned as follows: the λ is a coeﬃcient with
a factor 1/n for sum of n substantially same terms. For example, in the second term in (3.1),
the factor λϕ2 is deﬁned as one for sum of the ﬁve terms with 1/5. However, for simplicity, we
denote only representative one even if there are many equivalent terms, and give the coeﬃcient
λ instead of λ/n. Also note that the h.c term in the ﬁrst term is diﬀerent from the original one
according to our counting rule.
The ﬂavon Θ̂ϕ in (3.1) has VEV value of zero. The SUSY vacuum condition ∂Wϕ /∂Θϕ = 0
leads to a condition
2c1 zi cos ϕi = c2 zi2 + c3 zi4 ,
(3.2)
where parameters c1 , c2 and c3 are family-number independent parameters and they have scales

c1 = λ1

(Λ2 )2
Λ1 Λ3 ,
(Λ1 )2

c2 = λ2

(Λ2 )4
,
(Λ1 )2

c3 = λ3

(Λ2 )4
.
(Λ1 )2

(3.3)

When we denote these parameters ϕi as
ϕ1 = ϕ0 + ϕ̃1 ,
ϕ2 = ϕ0 + ϕ̃2 ,
ϕ3 = ϕ0 ,

(3.4)

the parameter ϕ0 is unobservable in the CKM parameter ﬁtting, while it is not unobservable in
the U(3)×U(3)′ model. From the input values (ϕ̃1 , ϕ̃2 ) = (−176.05◦ , −167.91◦ ) given in (2.26),
we obtain
c2
c3
ϕ0 = 86.69◦ ,
= 1.368,
= −0.967,
(3.5)
c1
c2
which leads to
(ϕ1 , ϕ2 , ϕ3 ) = (−89.36◦ , −87.25◦ , 86.69◦ ).

(3.6)

Thus, the family-number dependent parameters (ϕ1 , ϕ2 , ϕ3 ) can be reduced into family-number
independent parameters (c2 /c1 , c3 /c2 ). (Note that the parameter ϕ0 is not unobservable any
longer in this model.)
Note that the numerical results (3.5) suggests |c3 /c2 | = 1 if we take λ2 = λ3 . Then, it is
natural that we consider λ1 = λ2 = λ3 . Only the ratio c2 /c1 is not one. When we compare (3.3)
with the numerical result c2 /c1 ≡ ρ ≃ 1.37 given in (3.5), we obtain
RΛ ≡

Λ2
Λ3
=ρ .
Λ1
Λ2
11

(3.7)

We will see RΛ ∼ 10−3 in Sec.5.

4 Slight deviation of the scales in the lepton sector
4.1 M̂lepton versus M̂quark
Let us comment on the ratio vHu /vHd . Usually, it is understood that the value of tan β ≡
vHu /vHd is tan β ∼ 10 − 40. However, from (2.5), our quark masses are predicted as
(mu , mc , mt ) = (0.0003964, 0.106411, 29.743)m0u ,
(md , ms , mb ) = (0.0007249, 0.01467, 0.5365)m0d ,

(4.1)

where m0f are deﬁned by
m0f =

vHf (vf )2
vHf
=
ρΛ3 .
ΛH vSf
ΛH

(4.2)

In the last term in Eq.(4.2), we have used the relation (3.7). The numerical values in (4.1) are
eigenvalues of the dimensionless matrix
Z(1 + bf X3 )−1 Z,

(4.3)

Z = diag(z1 , z2 , z3 ),

(4.4)

where
◦

and we have used input values bu = −1.011 and bd = −3.3522ei 17.7 [1].
The prediction (4.1) can give reasonable values not only for mass ratios mu /mc , mc /mt ,
md /ms , and ms /mb , but also for the mass ratio of up-quark mass to down-quark mass
mt
= 55.44,
mb

(4.5)

if we take m0u = m0d . The value (4.5) roughly agrees with the observed value [14] (mt /mb )obs ≃
59.41. Therefore, in the present model, we can regard
m0u
= 1,
m0d

i.e

vHu = vHd .

(4.6)

Therefore, we have already taken vHu = vHd in Eq.(2.6).
Also, since mτ = (z3 )2 m0e (z3 = 0.97170), we obtain

so that we get

m0e = 1.8499 GeV,

(4.7)

m0u
= 3.121.
m0e

(4.8)
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This suggests

m0u
= 3,
m0e

(4.9)

in contrast to Eq.(4.6). We consider that such the factor 3 originates in a slight diﬀerence
between ﬂavon VEV scales in the lepton sector and the quark sector. In the next subsection,
we will discuss such an additional VEV scale diﬀerence.
4.2 Slight deviation of the scale ∥Φlepton ∥ from ∥Φquark ∥
So far, we have not mentioned the origin of the parameter value of ρ deﬁned by Eq.(3.7)
and the factor 3 in Eq.(4.9). In order to understand those numerical factors, in this subsection.
we deﬁne additional scale deviation factors of Φℓ and Ŝℓ (ℓ = e, ν and q = u, d) from Φq and
Ŝq , respectively. However, since the deviations are very small (smaller than O(1)), arguments
in this subsection will not give an essential inﬂuence on our main purpose which is to estimate
the scales of U(3)×U(3)′ .
We consider the following VEV deviation factors, ηΦ and ηS , of the lepton sector from the
quark sector:
∥(Φℓ )◦• ∥ = ηΦ Λ2 ,
∥(Ŝℓ )•• ∥ = ηS Λ1 ,
(4.10)
which is slightly diﬀerent from ∥(Φq )◦• ∥ = Λ2 and ∥(Ŝq )•• ∥ = Λ1 . Here, we have consider that
factors ηΦ and ηS are orders of one in contrast to factors ξν and ξSν with orders of 10−3 as
shown later.
The modiﬁcation (4.10) gives
∥(M̂ℓ )◦◦ ∥ = (ηΦ )2 (ηS )−1 ∥(M̂q )◦◦ ∥,

(4.11)

so that (4.9) demands
(ηΦ )2
1
= ,
ηS
3

i.e.

3(ηΦ )2 = ηS .

(4.12)

On the other hand, the VEV relation (2.11) does not hold unless ∥(Φℓ )◦• ∥ · ∥(Ŝℓ )•• ∥ = Λ2 Λ1 .
Therefore, we put additional relation
ηΦ ηS = 1,
(4.13)
so that we obtain
3(ηΦ )3 = 1 ⇒ ηΦ =

1
1
= 1/3 .
ηS
3

(4.14)

As a result, we can give the parameter value ρ deﬁned in Eq.(3.7) as 31/3 = 1.44 as seen in
Eq.(5.30).

5 Flavons in the neutrino sector
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We discuss Majorana mass matrix, YR , of the right-handed neutrinos νR . Note that the
mass matrix Y¯R is (6∗ , 1) of U(3)×U(3)′ , i.e. (ȲR )◦◦ .
In the present neutrino mass matrix model, the Dirac neutrino mass matrix M̂ν is given by
Eq.(2.5), i.e.
(M̂ν )◦◦ =

⟨Hu ⟩
(Φν )◦• (Ŝν−1 )•• (Φ̄ν )•◦ .
ΛH

(5.1)

In this section, since we pay attention to VEV scales of ﬂavons, it is important whether those
ﬂavons belong to U(3) or U(3)′ . From Eq.(5.1), we ﬁnd that the scale of (M̂ν )◦◦ , ∥(M̂ν )◦◦ ∥, is
given by
||M̂νM aj || ≡ ξM ||M̂e || = ξM

⟨Hu ⟩ (Λ2 )2
.
ΛH Λ1

(5.2)

Since ∥M̂e ∥ is given by the order of (⟨Hd ⟩/ΛH )(Λ2 )2 /Λ1 and we consider an additional seesaw
(1.8), a ratio of the scales ∥M M aj ∥/∥M̂e ∥ is given by

Rν/e ≡

∥MνM aj ∥
∥M̂e ∥

= (ξM )2

vH (Λ2 )2 1
,
ΛH Λ1 ∥ȲR ∥

(5.3)

where vHu = vHd ≡ vH is deﬁned in (2.6). In order to estimate the ratio (5.3), we have to build
a model for ȲR .
5.1 VEV structure of Majorana mass matrix ȲR
For convenience, we denote the form ⟨ȲR ⟩ by the following terms
[
]
µR ⟨ȲR ⟩◦◦ = µR (ȲR1st )◦◦ + (ȲR2nd )◦◦ ,

(5.4)

with ∥(ȲR1st )∥ ≫ ∥(ȲR2nd )∥. In Eq.(5.4) , we denote the ﬁrst and second terms in ȲR as (ȲR1st )
and (ȲR2nd ), but it does not mean that they are two new ﬂavons. Considering that the mass
hierarchy in the neutrino sector is mild compared with other sectors f = u, d, e, we assume that
the ﬁrst term of MνM aj , Ŷν (ȲR1st )−1 Ȳν takes a form of diagonal matrix, and the observed mass
diﬀerences and the PMNS mixing come form in the second term ȲR2nd . Since ⟨Ŷν ⟩ ∝ Z 2 (Z is
deﬁned in (4.4)), we take a form ȲR1st ∝ Z 2 .
Since we want that the R charge of ȲR is as smaller as possible in order to avoid appearance
of many combinations with the same R charge, we take a form of (ȲR1st )◦◦ with R = 13/3,
(Φ̄Te )◦• Ē •• (Φ̄e )•◦ (Φu )◦• (Φ̄u )•◦ , i.e.
µR (ȲR1st )◦◦ =

}
1 1 { T ◦ ••
•
◦
(
Φ̄
)
Ē
(
Ŷ
)
(
Φ̄
)
+
(transposed)
eu •
u •
e •
2 (Λ1 )2
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(5.5)

Here, in order to adjust the scale of ȲR1st compared with ȲR2nd , we introduce a new ﬂavon Ŷeu
deﬁned by
µeu (Ŷeu )•• = (Φ̄e )•◦ (Φu )◦• .
(5.6)
Then, we obtain
µR ∥(ȲR1st )◦◦ ∥ = (ηΦ )2

Λ1 (Λ2 )4
.
µeu (Λ1 )2

(5.7)

Next, we discuss a term ȲR2nd . We suppose that the deviation term ȲR2nd gives PontcorvoMaki-Nakagawa-Sakata (PMNS) [15] mixing and neutrino mass ratios. Since we want to inherit
the form of ⟨ȲR ⟩ from the previous model, in which the form of YR has included a term proportional to up-quark mass matrix M̂u [16]. However, in the present model, there is no Yukawaon
Ŷu . Therefore, we introduce a new ﬂavon whose VEV is proportional to ⟨Ŝu−1 ⟩ with use of a
superpotential given by
}
{
WSu′ = Ē ◦• (Ê)•• + (S̄u′ )◦• (Ŝu )•• (Θ′Su )•◦ ,
(5.8)
where, for simplicity, we have drop the coeﬃcients λ1 and λ2 although we suppose λ1 ≃ λ2 ≃ 1.
Here, since R(Ê•• ) = 10/5 and R(E◦• ) = 1/3, the ﬂavon Θ̂′Su has zero VEV value and R charge
R = 0. The ﬂavon (S̄u′ )◦• with R = 5/3 can obtain the VEV form proportional to ⟨Ŝu−1 ⟩. Thus,
we take a small deviation term ȲR2nd as follows:
µR (ȲR2nd )◦◦ =

}
1 1 {
(Φ̄d )◦• (Φ̄Tu )•◦ (S̄u′ )◦• (Φ̄u )•◦ + (transposed) .
2
2 (Λ1 )

(5.9)

Then, we estimate of a scale of (5.9) as

µR ∥(ȲR2nd )∥ =

(Λ2 )4
.
(Λ1 )2

(5.10)

Therefore, we obtain the ratio

R2/1 ≡

∥ȲR2nd ∥
1 µeu
=
.
1st
(ηΦ )2 Λ1
∥ȲR ∥

(5.11)

5.3 Parameter ξR
Parameter ﬁtting for neutrino data such as neutrino masses and PMNS lepton mixing
matrix is done under the following dimensionless re-expression:
M̃νM aj = (ξM )4 Z 2 ỸR−1 Z 2 ,
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(5.12)

where
ỸR = Z 4 + ξR Z 2 P (1 + bu X3 )−1 P † Z,

(5.13)

Z = diag(z1 , z2 , z3 ),
P = diag(eiϕ̃1 , eiϕ̃2 , 1).

(5.14)

(Z and P do not mean new ﬂavons. Those are noting but dimensionless 3 × 3 matrices.) The
parameter ξR corresponds to the ratio R2/1 deﬁned in (5.11). Since the parameter values bu and
(ϕ̃1 , ϕ̃2 ) have already determined from the CKM ﬁtting as shown in (2.25) and (2.26), only a free
parameter in the neutrino sector is ξR in (5.13). (The parameter ﬁtting is practically the same
as one in the previous model [7]. However, note that the present parameter ξR corresponds to
2/ξR in the previous model.) The best ﬁtting value of ξR is
ξR = 0.9806 × 10−3 .

(5.15)

The detail ﬁtting is reviewed in Appendix B.
5.4 Scales of µ parameters
We have four ﬂavon mass parameters µν , µSν , µeu and µR deﬁned by (2.18), (2.22), (5.6),
and (5.5), respectively. So far, we have considered three VEV scales Λ1 , Λ2 , and Λ3 as shown
in (1.7) and also in Table 1. Therefore, let us put the following selection rules for µ parameters
deﬁned by
µA ∥A∥ = ∥G∥,
(5.16)
where G is a combination of some ﬂavons including factor 1/(Λ1 )n : (i) We assume that our
parameters µA such as µν , µSν , µeu , and µR are given by some of those three scales Λ1 , Λ2 and
Λ3 . (ii) If our choice µA = Λa (a = 1, 2, 3) , as a result, gives a VEV value of ∥A∥ which is
larger than the maximally allowed scale of ∥A∥, e.g. Λ1 for ∥(Ŷeu )•• ∥, Λ2 for ∥(Φν )◦• ∥, and Λ3
for ∥(ȲR )◦◦ ∥, then, the choice is ruled out. (iii) If the choice µA = Λa gives a VEV value ∥A∥
which is two rank lower compared with ∥A∥max , the choice is also ruled out.
For example, let us see the case (5.6):
µeu ∥(Ŷeu )•• ∥ = ηΦ (Λ2 )2 = ηΦ ρΛ1 Λ3 .

(5.17)

If we tale µeu = Λ3 , we obtain ∥Ŷeu ∥ = ηΦ ρΛ1 from Eq.(5.17). Since ∥(Ŷeu )•• ∥ ≤ Λ1 , the case
µeu = Λ3 is not ruled out by the rule (ii). However, the case give R2/1 = (ηΦ )−2 ∼ O(1) from
(5.11). This contradicts with the parameter ﬁtting result (5.15). Therefore, we rule out this
case µeu = Λ3 . On the other hand, if we take µeu = Λ1 , we obtain ∥(Ŷeu )•• ∥ = ρΛ3 . However,
the value is two rank small compared with the maximal value Λ1 , so that we rule out the case
µeu = Λ1 by the rule (iii). As a result, we choose µeu = Λ2 , and then we obtain
∥(Ŷeu )•• ∥ = ηΦ Λ2 .
16

(5.18)

Then, from the relation (5.11), we obtain
ξR ≡ R2/1 =

1
(ηΦ

)2

Λ2
.
Λ1

(5.19)

Similarly, from the relation (2.18), we have
µν ∥(Φν )◦• ∥ = ηΦ

(Λ2 )2
Λ2 = ηΦ ρΛ3 Λ2 = ρΛ3 ∥(Φe )◦• ∥.
Λ1

(5.20)

If we take take µν = Λ3 , we obtain ∥(Φν )◦• ∥ = ρ∥(Φe )◦• ∥, i.e. ξν = ρ > 1. The result is not our
desired one, because our aim is to understand tiny neutrino masses by ξν ≪ 1. Therefore, we
choose µν = Λ2 , and we get
∥(Φν )◦• ∥ = ηΦ ρΛ3 = ρ
so that we have
ξν =

Λ3
Λ2
ηΦ Λ 2 =
∥(Ŝe )•• ∥,
Λ2
Λ1

Λ2
= (ηΦ )2 ξR .
Λ1

(5.21)

(5.22)

from (5.11).
Similarly, when we choose µSν = Λ2 in Eq.(2.23), from
µSν (Ŝν )•• = ηS Λ1
we obtain
∥(Ŝν )•• ∥ = ηS
so that we have
ξSν =

(Λ2 )2
= ηS ρΛ1 Λ3 ,
Λ1

Λ2
Λ2
Λ1 =
∥Ŝe ∥,
Λ1
Λ1

Λ2
= (ηΦ )2 ξR = ξν ,
Λ1

(5.23)

(5.24)

(5.25)

from Eq.(5.22). Therefore, from the relation (2.24), we obtain
ξM = (ξν )2 (ξSν )−1 = ξν = (ηϕ )2 ξR .

(5.26)

Finally, we discuss a scale of µR . From (5.7), by regarding YR as YR ≃ YR1st , we can write
µR ∥(ȲR )◦◦ ∥ =

1
(ηΦ )2 Λ2 Λ1 Λ2 Λ2 = ρ(ηΦ )2 Λ2 Λ3 .
(Λ1 )2
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(5.27)

If we take µR = Λ2 , we obtain
∥(ȲR )◦◦ ∥ = ρ(ηΦ )2 Λ3 .

(5.28)

Since ∥(ȲR )◦◦ ∥ cannot have a larger scale than Λ3 , we have a constraint
ρ(ηΦ )2 ≤ 1, i.e. ρ ≤ (ηΦ )−2 = 32/3 .

(5.29)

Comparing the ﬁtting value ρ = 1.37 with the value (ηΦ )−1 = 31/3 = 1.44 in (4.14), it is likely
that the value of ρ is given in unit of 31/3 , so that we regard the value of ρ as

ρ=

1
= 31/3 .
ηΦ

(5.30)

Then, this choice satisﬁes the condition ∥YR ∥ ≤ Λ3 in (5.28).

6 Estimate of flavon VEV scales
Similarly to Eq.(4.1), from the diagonalization of (5.12) with the parameter values (2.25),
(2.26), and (5.15), we obtain
(mν1 , mν2 , mν3 ) = (0.30892, 0.31689, 0.51026) m0ν .

(6.1)

Here, we have deﬁned m0R by
m0ν = (ξM )2

(m0e )2
.
m0R

(6.2)

From the observed values [17] ∆m232 = 0.000244 eV2 and ∆m221 /∆m232 = 0.0309, we estimate
mν3 = 0.063 eV. Thus we obtain
m0ν = 1.235 × 10−13 TeV.

(6.3)

Then, from Eq.(6.2) with (6.3), and (4.7), we obtain ,

m0R = (ξM )2

(m0e )2
= (ξM )2 × 2.7710 × 107 TeV.
m0ν

(6.4)

From Eqs.(5.26) and (4.14), we estimate
m0R = (ηΦ )4 (ξR )2 × 2.7710 × 107 TeV = 6.158 TeV.

(6.5)

Therefore, from (5.28) with (5.30), i.e. ∥YR ∥ = ηΦ Λ3 , we obtain
Λ3 = (ηΦ )−1 m0R = 8.883 TeV.
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(6.6)

In conclusion, we obtain
Λ3 = 8.883 TeV,
Λ2 = ρΛ3 /ξR = 1.306 × 104 TeV,
Λ1 = Λ2 /ξR = 1.332 × 107 TeV.

(6.7)

Finally, we estimate the value of ΛH deﬁned in (2.5). From (2.5), we use a relation
m0e = ∥Ψe (Ŝe )−1 Φ̄e ∥ =

vHd
vH
(Λ2 )2
=
(ηΦ )2 (ηS )−1
(ηΦ )2 (ηS )−1 ρΛ3 ,
ΛH
Λ1
ΛH

(6.8)

where m0e = 1.8499 × 10−3 TeV, vH = 173.9 × 10−3 TeV, and (ηΦ )2 (ηS )−1 ρ = 3−2/3 , so that we
obtain
ΛH = 401.4 TeV.
(6.9)
The result (6.9) gives (vH )/ΛH = 0.4332 × 10−3 .

7 Concluding remarks
In conclusion, we have investigated a uniﬁed quark and lepton mass matrix model on the
basis of U(3)×U(3)′ family symmetry. We have inherited a basic aim of a series of the socalled Yukawaon models [3]. However, in the present model, we have not assumed existence of
Yukawaons. Instead, we have introduced triplet fermions Fα of U(3)′ in addition to quarks and
leptons fi which are triplets of U(3), and we assumed a seesaw-like mechanism in (2.1).
The U(3)′ symmetry is broken into S3 at a scale µ = Λ1 , and the U(3) symmetry is broken
at µ = Λ2 by VEVs of ﬂavons ⟨(Φf )i α ⟩, which are (3, 3∗ ) of U(3)×U(3)′ . However, in this paper,
√
√
√
we do not ask the origin of the VEV form ⟨Φf ⟩ ∝ diag( me , mµ , mτ ), and do not discuss
what mechanism leads to such a VEV form. We consider that it is too early to investigate the
origin of the values mei . It is our future task.
The purpose of the present paper is not to give parameter ﬁtting for quark and lepton
masses and mixing because the VEV structures are the same as previous model, although the
present model is completely diﬀerent from the previous one. In the present model, we have only
six free family-number-independent parameters for quark and lepton mass ratios and mixing
◦
as well as in the previous model. We have used the values bu = −1.011, bd = −3.522 ei 17.7 ,
(ϕ̃1 , ϕ̃2 ), and ξR = 0.4903 × 10−3 , whose values have been quoted from the previous paper [1].
In this paper, we have investigated the symmetry-breaking scales Λ1 and Λ2 from phenomenological study in the neutrino data. Our essential hypothesis is that all ﬂavon VEVs (and
also µ parameters) take one of three scales Λ1 , Λ2 , and Λ3 except for Hu/d and ΛH . First,
we have ﬁxed the ratio Λ2 /Λ1 ∼ Λ3 /Λ2 ∼ 10−3 from the ϕi -mei relation with observed data
as discussed in Sec.3. (We would like to emphasize that the relations (3.3) with the numerical
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ﬁtting values (3.5) are essential for our result Λ2 /Λ1 ∼ Λ3 /Λ2 , and the relations (3.3) are completely diﬀerent from the previous one [1, 2].) Then, we have obtain the value of Λ1 ∼ 4 × 107
TeV, Λ2 ∼ 2 × 104 TeV, and Λ3 ∼ 101 TeV. Here, the value ξR ∼ 10−3 has been obtained for
the parameter ξR which is only the free parameter in the neutrino sector after remaining free
parameters have been ﬁxed by ﬁtting the observed quark mass ratios and CKM mixing . The
scale Λ3 has been ﬁxed from the scale of the Majorana mass matrix ⟨(ȲR )◦◦ ⟩.
Note that our estimate of Λ1 , Λ2 , and Λ3 is highly dependent on the VEV structure of the
ﬂavon ȲR , which corresponds to the Majonara mass matrix of right-handed neutrinos νR . We
have inherited the VEV structure from the previous model, which has given excellent description
of neutrino masses and mixing with only one parameter ξR phenomenologically. The structure
is dependent on the R charge assignment. The present R charge assignment (ru , re , rd , rν ) =
(1/3, 1, 6/3, 10/3) is one of a few possible cases which do not cause theoretical trouble, although
it has no theoretical ground. Investigation of the logical necessity of this assignment is a future
task to us.
In Sec.4, we have discussed somewhat triﬂing parameterization with an additional ansatz.
The orders of three VEV scales can roughly be obtained without these parameters in Sec.4.
However, owing to this additional parametrization, we can understand m0u /m0e = 3 and ρ ≡
c2 /c1 ≃ 31/3 consistently.
Although the present model still leaves some of tasks in future, we consider that the outline
of the model is worthy to notice.
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Appendix A: Brief review of Sumino’s family gauge boson model
A charged lepton mass relation is well-known:
me + mµ + mτ
2
K(mei ) ≡ (√
√
√ )2 = 3 .
me + mτ + mτ

(A.1)

The formula (A.1) was speculated on the basis of a U(3) family symmetry [12]. Therefore, the
U(3) formula is satisﬁed only at an energy scale µ = ΛX and only with charged lepton masses
mei , where whole the electroweak and strong interactions are switched oﬀ. On the other hand,
10 years after the proposal of the U(3) formula, the precise value of the tau lepton mass was
reported by ARGUS, BES and CLEO collaborations [18], so that an empirical formula
K(mpole
ei ) = (2/3) × (0.999989 ± 0.000014),
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(A.2)

attracted considerable notice. However, we should distinguish the empirical formula (A.2) from
the U(3) model formula (A.1). The coincidence of (A.2) may be an accidental coincidence. The
formula (A.1) is never satisﬁed by pole masses.
Nevertheless, in 2009, Sumino [8] has directed his attention to the empirical coincidence
run
(A.2). The deviation of K(mrun
ei ) from K = 2/3 by using running masses mei comes mainly
from a logarithmic term log mei [19] in the QED loop diagram. Therefore, Sumino has considered
family gauge boson masses Mii which are proportional to the charged lepton masses mei , and
thereby, he has assumed the factor log mei in the QED term is canceled by the factor log Mii in
the corresponding family gauge boson diagram.3 The Sumino model is based on a U(3)×O(3)
gauge model and the charged lepton mass matrix Me is given by
Mij = (Φ)iα (Φ)αj ,

(A.3)
√
√
√
where Φ is a scalar of (3, 3) of U(3)×O(3) with VEV ⟨Φ⟩ = k diag( me , mµ , mτ ), so that
the U(3) familly gauge boson masses Mij have
Mij2 ∝ (mei + mej ),

(A.4)

in the limit of ΛU (3) ≪ ΛO(3) . Sumino has speculated that the scale Λ2 , at which the formula
(A.1) is created, is of the order of 103 TeV [8].
The present model based on U(3)×U(3)′ in this paper is an extended version of the Sumino
model. Therefore, one of our interest in this paper is to know what is the scale of U(3). However,
note that our present model has nothing to do with the charged lepton mass relation (A.1)
and/or Sumino’s cancellation mechanism. In our model, the parameters (z1 , z2 , z3 ) are given by
the observed charged lepton masses, and the purpose of the model is not to give the values for
(z1 , z2 , z3 ).

Appendix B: Parameter fitting for masses and mixings
As far as quark sector is concerned, the VEV matrices are exactly the same as those in the
previous paper, although the model is completely diﬀerent from the previous one. Therefore,
we quote only the numerical results of the previous paper [1, 2]. For the details, see Ref.[1, 2].
Note that the parameter ﬁtting in Ref.[1, 2] has been done at µ = mZ , so that, for the charged
lepton mass values, too, we have used the values at µ = mZ , not pole mass values.
In our model, the parameters (bu , bd ) and (ϕ̃1 , ϕ̃2 ) are ﬁxed by quark masses and CKM
quark mixing ﬁtting. We have chosen the parameter values as
bu = −1.011,

bd = −3.522 ei

3

17.7◦

,

(B.1)

It seems that some of readers somewhat misunderstand this cancellation mechanism. Sumino’s cancellation
does not mean a complete cancellation. Obviously the cancellation mechanism is eﬀective only for one-loop
diagram. Moreover, there are another diagrams, for example, Higgs diagram, stau diagram, and so on. Sumino
mechanism is applicable only within the range of present experimental errors, and within the not so wide energy
range. Sumino said that the deviation will be observed if the present error of tau lepton mass will be improved
by one order.

21

Table 2: Predicted values vs. observed values in quark sector. Input values are given by
√
√
q
q
u =
u =
d = m /m
Eq.(2.25) and (2.26). r12
and r23
are deﬁned by r12
mu /mc , r23
mc /mt , r12
s
d
d = m /m . The predicted values are same as those in the previous paper[1].
and r23
s
b
Predicted
Observed

|Vus |

|Vcb |

|Vub |

|Vtd |

q
(◦ )
δCP

u
r12

u
r23

d
r12

d
r23

0.2257
0.22536
±0.00061

0.03996
0.0414
±0.0012

0.00370
0.00355
±0.00015

0.00917
0.00886

81.0
69.4
±3.4

0.061
0.045

0.060
0.060
±0.005

0.049
0.053

0.027
0.019

+0.005
−0.003

+0.006
−0.006

+0.00033
−0.00032

+0.013
−0.010

and
(ϕ̃1 , ϕ̃2 ) = (−176.05◦ , −167.91◦ ).

(B.2)

Then, we can obtain reasonable quark mass ratios and CKM mixing as shown in Table.2.
Parameter ﬁtting for neutrino data is done under the following dimensionless re-expression:
M̃νM aj = (ξM )4 Z 2 ỸR−1 Z 2 ,

(B.3)

ỸR = Z 4 + ξR Z 2 P (1 + bu X3 )−1 P † Z,

(B.4)

Z = diag(z1 , z2 , z3 ),
P = diag(eiϕ̃1 , eiϕ̃2 , 1).

(B.5)

where

(Z and P do not mean new ﬂavons. Those are noting but dimensionless 3 × 3 matries.)
Since the parameter values bu and (ϕ̃1 , ϕ̃2 ) have already determined from the CKM ﬁtting
as shown in (B.1) and (B.2), only a free parameter in the neutrino sector is ξR in (B.4) as
discussed in subsection 5.3. (The parameter ﬁtting is practically the same as one in the previous
model [7]. However, note that the present parameter ξR corresponds to 2/ξR in the previous
model.)
Therefore, as shown in the previous paper, the PMNS mixing parameters sin2 2θ12 , sin2 2θ23 ,
ℓ , and the neutrino mass squared diﬀerence
sin2 2θ13 , CP violating Dirac phase parameter δCP
ratio Rν ≡ ∆m221 /∆m232 are turned out to be functions of the remaining only one parameter
ξR . In Fig. 1, we draw the curves as functions of our new ξR with taking bu = −1.011, and
bd = −3.3522, βd = 17.7◦ , and (ϕ1 , ϕ2 ) = (−176.05◦ , −167.91◦ ). From Fig.1, it turns out that
the best ﬁtting value of ξR in the present paper is
ξR = 0.9806 × 10−3 ,
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(

2
= 2039.6 ),
ξR

(B.6)

1.5

×10
1
0.5

Rν × 10

0
-0.5
-1

ℓ
δCP
(deg) × 0.01

0.95

0.96

0.97

0.98

0.99

↑ best fit

1.00

1.01

1.02

1.03 (×10−3 )

ξR
Figure 1: ξR dependence of the lepton mixing parameters sin2 2θ12 , sin2 2θ23 , sin2 2θ13 , and
the neutrino mass squared diﬀerence ratio Rν ≡ ∆m221 /∆m232 . For the input values of bu and
(ϕ1 , ϕ2 ), see the text.
Table 3: Predicted values vs. observed values in neutrino sector. Input value is only ξR given
by Eq.(B.6) except for values (B.1) and (B.2) in the quark sector.

Predicted
Observed

sin2 2θ12

sin2 2θ23

sin2 2θ13

Rν (10−2 )

ℓ (◦ )
δCP

mν1 (eV)

mν2 (eV)

mν3 (eV)

⟨m⟩ (eV)

0.8254
0.846
±0.021

0.9967
0.999

0.1007
0.093
±0.008

3.118
3.09
±0.15

−68.1
no data

0.038
no data

0.039
no data

0.063
no data

0.021
< O(10−1 )

+0.001
−0.018

which gives the predictions
ℓ
sin2 2θ12 = 0.8254, sin2 2θ23 = 0.9967, sin2 2θ13 = 0.1007, δCP
= −68.1◦ , Rν = 0.03118,
(B.7)
as shown in Table 3. These predictions are in good agreement with the observed values [17].
The neutrino masses are predicted as mν1 ≃ 0.038 eV, mν2 ≃ 0.039 eV, and mν3 ≃ 0.063
eV, by using the input value [17] ∆m232 ≃ 0.00244 eV2 . We have also predicted the eﬀective
Majorana neutrino mass [20] ⟨m⟩ in the neutrinoless double beta decay as

⟨m⟩ = mν1 (Ue1 )2 + mν2 (Ue2 )2 + mν3 (Ue3 )2 ≃ 21 meV.

(B.8)

q
ℓ
ℓ
It is interesting that the model predicts δCP
= −68◦ , which shows δCP
≃ −δCP
. It is also
worthwhile noticing that we obtain a large value 21 meV for the eﬀective Majorana neutrino
mass ⟨m⟩ in spite of the normal hierarchy for the neutrino mass in our model.
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