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Abstract

Without assuming any specific flavor symmetry and/or any specific mass matrix forms, it is
demonstrated that if a flavor symmetry (a discrete symmetry, a U(1) symmetry, and so on) exists,
we cannot obtain the CKM quark mixing matrix V and the MNS lepton mixing matrix U except for
those between two families for the case with the completely undegenerated fermion masses, so that
we can never give the observed CKM and MNS mixings. Only in the limit of m,; = m,» (mq = m,),

we can obtain three family mixing with an interesting constraint Uez = 0 (Vub = 0).

PACS numbers: 11.30.Hv, 12.15.Ff, and 14.60.Pq

1. Introduction

It is well known that the masses of the charged fermions rapidly increase as (u,d,e) — (c,s, 1) —
(t,b,7). It has been considered that the rapid increasing of the mass spectra cannot be understood from
an idea of “symmetry”. The horizontal degree of freedom has been called as “generations”. In contrast
to the idea of “generations”, there is an idea of “families” that the horizontal quantum number states
have basically the same opportunity. It is after the democratic mass matrix model [1] was proposed that
the idea of “families” became one of the promising viewpoints for “flavors”. Nowadays, a popular idea
to understand the observed quark and lepton mass spectra and mixing matrices is to assume a flavor
symmetry which puts constraints on the Yukawa coupling constants.

In the present paper, we will point out that if a flavor symmetry (a discrete symmetry, a U(1)
symmetry, and so on) exists, we cannot obtain the observed Cabibbo-Kobayashi-Maskawa [2] (CKM)
quark mixing matrix V, and Maki-Nakagawa-Sakata [3] (MNS) lepton mixing matrix U, even if we
can obtain reasonable mass spectra under the symmetry. You may think that this conclusion is not so
remarkable and rather trivial, because anyone thinks that the flavor symmetry is badly broken. However,
most investigations on the broken flavor symmetries are based on specific models, and we are not clearly
aware that what problem happens if a flavor symmetry, in general, exists until a low energy scale p ~ 102
GeV. In the present paper, without assuming any explicit flavor symmetry and/or any explicit mass
matrix forms, we will demonstrate how it is serious.

Even when we consider a broken flavor symmetry, it is important to consider the world in which
the flavor symmetry is unbroken. In the present paper, we will conclude that in such a world with an
unbroken flavor symmetry, the CKM and MNS mixing matrices cannot describe flavor mixings except
for those between two families when the fermion masses are completely different from each other, and
that only when m,; = m,s (mq = m,), the MNS matrix U, (the CKM matrix V;) can describe a three
family mixing with an interesting constraint (Uz)es = 0 ((Vg)us = 0). This will suggests that our world
with a broken flavor symmetry should be derived from what unbroken world.

In the derivation of the conclusion, a requirement that the SU(2)r symmetry must not be broken plays

an essential role. Generally, the terminology “symmetry” can have a meaning only by defining the world



in which the symmetry is exactly unbroken. In some of phenomenological mass matrix models, flavor
symmetry breaking terms are brought into the theory by hand, and it is not clear whether the terms can
be generated without breaking the SU(2)r or not. In the present paper, we regard such a model with
an ad hoc flavor symmetry breaking as a model without a flavor symmetry, and we will comment only
on a model where the SU(2)z symmetry is exactly unbroken at the original Lagrangian, and the flavor
symmetry breaking mechanism does not spoil the SU(2)z, invariance.

First, let us consider that the up- and down-quark fields transform under a flavor symmetry as
ur, = U%pup, ur=Ukfgupg,
dp =Ugpdy, dp=Uggpdp. (1)

If the Lagrangian is invariant under the transformation (1), the Yukawa coupling constants Y, and Yy

must satisfy the relations
(Ukp) YUk g =Yu, (Ugy)'YaUgg =Ya, (2)

where U%, (U%, ) = 1, and so on. Since these transformations must not break SU(2); symmetry, we

cannot consider a case with U%; # U%,. We must rigorously take
Uk =Usr, =Ux. (3)

Therefore, the up- and down-quark mass matrices M, = Y,(H{) and My = Y4(HY) must satisfy the

relations
Uk M MiUx = M M}, ULM;MIUx = MM}, (4)

independently of Uy and U}%R.

Similar situation is required in the lepton sectors. Although, sometimes, in the basis where the charged
lepton mass matrix M. is diagonal (i.e. M, = D, = diag(m.,m,, m,)), a “symmetry” for the neutrino
mass matrix M, is investigated, such a prescription cannot be regarded as a field theoretical symmetry.
For example, when we assume a permutation symmetry between neutrinos vzy and vrg, we can obtain
a nearly bimaximal mixing [4]. However, the symmetry is applied only to neutrino sector M, and not
to the charged lepton sector M, = D,. Therefore, we cannot regard this 2 <+ 3 permutation rule as a
“symmetry” in the field theoretical meaning, because it is badly broken the SU(2)r symmetry.

In the lepton sectors, we must consider that under the transformations

v =Uxvy, ver=UggVg,
er, =Uxep, er=Ugger (5)
the Yukawa coupling constants which are defined by €,Y.er, 71 Yjer, and 03Yyvr (Vg = C’ﬁ%) are
invariant as follows
ULY.Ug, =Y.,
ULYBUY n = Y, (6)
ULpYiUxr =Y.

In other words, the mass matrices MeMeT and M, are invariant under the transformation Ux as

Uk M, MiUx = M, M}, (7)
UL MU = M,, ®)



independently of the forms U% p and U% g, where we assumed the seesaw mechanism [5] M, « Y3 (Yi) 1(Y3)T.
(Even when we do not assume the seesaw mechanism, as long as the effective neutrino mass matrix is
given by T, M, v{, the mass matrix must obey the constraint (8).)

Note that the constraints (4) [and also (7) and (8)] do not always mean that the matrix forms M, M}
and Mde are identical each other. Indeed, in the present paper, we consider a general case in which the
eigenvalues and mixing matrices between M, M} and MdMg are different from each other. Nevertheless,
the conditions (4) [and also (7) and (8)] will put very strong constraints on the CKM mixing matrix
Vy = (U¥)1U¢ [and also the MNS mixing matrix U, = (U§)1U¥], where UIJj (f = u,d,e,v) are defined by

(U])1M; MIU] = D% = diag(m3,, m2,,m3,) (f = u,d,e), (9)
(UE)TMV(UE)* = D, = diag(my1,my,q,m,3). (10)

The purpose of the present paper is to see whether it is possible or not to consider such the flavor

symmetry without an SU(2)z symmetry breaking. Of course, further conditions
(U;(R)TM}MfU;(R = M;Mf (f = uadve)a (11)

will give more strict constraints on the mass matrices M;. However, even apart form such an additional
constraint, by using only the constraints (4), (7) and (8), we will obtain a severe conclusion that such a

symmetry cannot lead to the observed CKM mixing matrix V;, and MNS mixing matrix U,.

2. Trouble in the CKM and MNS mixing matrices

First, we investigate relations in the quark sectors under the conditions (4). Since we can rewrite the

left hand of Eq. (9) by using Eq. (4) as

(1) MU, = (U0 8y b U, = (U0 D U, (1)
for f = u,d, we obtain the relation

() DU}, = D%, (13)
where

Ux = (U})'UxUf. (14)
Therefore, the matrix U;( which satisfies Eq. (13) must be a diagonal matrix with a form

UJJ;( = P]J:— = diag(e”lf,ewg,ewg), (15)
unless the masses are not degenerated. Therefore, from (14), we obtain

Ux = Ut Px(Up)' = UL PR (UD)', (16)
which leads to a constraint on the CKM matrix V, = (U¥)1Ug:

Py = V,PL(V,)!. (17)
The constraint (17) (i.e. PV, = V,P$) requires

'Y 3l ;5d . .
(€' — &) (V)i; =0 (4,5 =1,2,3). (18)



Only when ¢} = 5}1, we can obtain (Vg);; # 0. For the case §} = 6% = 6§ = &, (also 8¢ = 8¢ = 6¢ = 84),
the matrix P% = 1e*%+ (and also P$ = 1e*%¢) leads to a trivial result Ux = 1e?®* = 1e*%¢), so that we
do not consider such a case. Therefore, from the requirement (17), we cannot consider such a case as all
elements of V, are not zero. For example, if we can take (V)i # 0 for i = 1,2, 3 by taking 6* = 62 = 4;,
since we must choose, at least, one of §; differently from others, we obtain a mixing matrix between only

two families, e.g. (V)13 = (Vg)a1 = (Vg)2s = (Vg)s2 = 0 for a case of §; = 8 # d3:

* *x 0
v=1| %« « 0 (19)
0 0 1

Thus, for any choice of §;}* and 5}1, the condition (18) cannot lead to the observed CKM mixing matrix.

For the lepton sectors, the situation is the same. From Egs. (8) and (10), we obtain the constraint
(Ux)'D, (Ux)" = D, (20)
where
Uy = (Up)1UxUY. (21)

Again, if we assume that the neutrino masses are not degenerated, we obtain that the matrix Uy must

be diagonal, and it is given by

Ux =Px = diag(e”r,ei‘;;,ei‘;g), (22)
because the constraint (20) leads to

(m,,ie_w“ - m,,jeid’“) (U%)ii] =0, (23)

where we have put (U%)i; = |[(U%)ijle’®%. Here, differently from the matrix (15), the phases §? are
constrained as 87 = 0 or 6 = 7 (¢ = 1,2, 3) from the condition (20). From the relations (14) and (21),

we obtain

Ux = UL P4 (U3)! = UL PL(UL), (24)
so that the MNS matrix U, = (U£)TU¥ must satisfy the constraint

P§ = U, P4 (U, (25)
le.

("% — ) (Ui =0 (4,7 =1,2,3). (26)

Again, only when é; = 5}’, we can obtain (U;);; # 0, and we cannot consider a case in which all elements
of U, are not zero. We only obtain a mixing matrix between two families.

Thus, the requirements (4) [and also (7) and (8)] lead to a serious trouble in the CKM matrix V; (the
MNS matrix Uy), even if we can suitably give the observed mass spectra. The similar conclusion has
already been derived by Low and Volkas [6] although they have demonstrated it by using explicit mass

matrix forms.



3. Should we abandon any flavor symmetry?
In order to evade the conclusion (18) [and also the conclusion (26)], we may consider a case with
Y # UL, [Us, # Uk,). However, such a transformation breaks SU(2)z, so that it is highly unrealistic.
If there is no symmetry breaking term in the original Lagrangian, even if we take the renormalization
group equation (RGE) effects into consideration, the SU(2)z is never broken, and the relations (4), (7)
and (8) are still unchanged.
If we consider a U(1) charge model, we cannot assign different charges to ur; and dr; [and also to v;

and er;], so that we must take the operator Ux as
U, =Ul, = Ux = diag(e'@?, 929 i@, (27)

In this case, since the Higgs scalars H, and H,; can have different charges, the mass terms up M,ugH,
and dr, MgdrHy can have different phases for the transformation. However, since the additional phases
form Higgs sector are common for all flavors, the conclusion (18) is essentially unchanged.

Related to an extended version of the U(1) charge model, we know the Froggatt an Nielsen model
[7). The model can evade the present constraints (18) and (26). In this model, each flavor state at a low
energy scale has a different hierarchical structure, so that the fermion flavors are ones which should be
understood from the concept of “generations” rather than from that of “families”. The constraints in the
present paper cannot be applied to a model with “generation” structures, and the Froggatt and Nielsen
model is indeed one of the most promising models which can reasonably understand the generations.

Thus, it is one way to adopt a model with no flavor symmetry in order to evade the present severe
conclusions (18) and (26). However, we know the fact (the degree of freedom of “rebasing”) that we
cannot physically distinguish two mass matrix sets (M,, My) and (M, M}), where (M., M}) is obtained
from (M,, M) by a common flavor-basis rotation for the SU(2)z doublet fields. (The situation is the
same in the lepton sector.) Only when there is a flavor symmetry, the mass matrix forms (M,, My) in a
specific flavor basis have a meaning, because the operator of the flavor rotation does not commute with
the flavor symmetry operator Ux. Therefore, the idea of a flavor symmetry is still attractive to most

mass-matrix-model-builders.

4. Case of m,; = m,,
In order to seek for a clue to a possible symmetry breaking, let us go on a phenomenological study.

Since the observed neutrino data [8, 9, 10, 11] have shown Am?

2 e K Am? it is interesting to

atm?

consider a limit of m,1 = m,s. In this case, the conclusion (22) [and (26)] is not correct any more,
because the constraint (20) allows a case with (U%)12 # 0 and (U¥% )21 # O:

c —s 0
Ux=| s ¢ 0|, (28)
0 0 1
or
—c s
Uy = , (29)



where ¢ = cosf and s = sin§. (Again, each element must be real.) Therefore, we must check the relation
Pg = U U (U, (30)

with the forms of (28) and (29) of U, instead of (22).
Now, we explicitly calculate UZU}’((UZ)T by using a general form of U,

Uy = V Py, (31)
where
—is
c13C12 C13512 s1ze
_ is is
V= | —cagsia — sagcias13€’ c23C12 — $23512513€" $23C13 ) (32)
is is
833812 — C33C12813€" —8a3C12 — C23812513€"°  Ca3C13

and Py is a Majorana phase matrix
Py = diag(e'®, e’ ). (33)

For the case with the form (28) of U%, we obtain

(UURUNs = —c1z {cas (clre™™ + stre’) s

4513893 [(ei"s — e_i¢)c12512s +c— 1] e‘”} (34)
(UU%UNs = c13 {523 (cfpe™™ + s7,¢%) s

—s13¢23 [(€'® — e 7*®)cras10s + ¢ — 1] e} (35)
(UUZUN)as = cazsas (e — e )crasia(1+ sis)s + cig(1 — ¢)]

—s138 [s35(clhe ™ + s70e™)e’? + cl(chre’® + stre )], (36)

where ¢ = 3 —a. If 13 # 0, there is no solution which gives zeros for all the elements (34) — (36), except
for a trivial solution with ¢ = 1 (i.e. Ux = 1). If ¢13 = 0, there is a solution for suitable choice of ¢ and
4, and then, the matrix V takes the form

Of course, the form (37) is ruled out. Thus, the case (28) cannot lead to any interesting form of Uj.
On the other hand, for the case (29), we obtain

(UZU}’(UJ)H = ci3 {c23 [(C%Qe_i‘;s — S%Qew)s + 2c12512c]

+s13528 [1 + (6%2 - 5%2)‘3 - (eiqs + e_w)"’l?sl?s] e—w} (38)
(UZU}’(UJ)H, = —ci3 {523 [(C%Qe_i‘;s — S%Qew)s + 2c12512c]

—s13ca3 [1+ (cfp — sfa)c — (€ + €7*P)crasias] e} (39)



(UU%UN)as = cagsas [(€" +e7*)eras1a(1+ sig)s + iy — (cly — s7a)(1 + sis)c]
+513535 [(clae® — 53,¢'?)s 4 2c1a812¢] €
—313c§3 [(C%2€i¢ — 3%26_“}5)5 + 2c12512c] e %, (40)

The case can lead to a non-trivial solution for s13 =0, ¢ = 3 — a = 0 and

cos(2612 +6) =1, (41)
l.e.
C12 512 0
Ug= | —cassia cagc1a  sag | Pu- (42)
833512 —$23C12  Ca3

It should be noted that in the limit of m,; = m,s, the Majorana phases in Py; must be a = 3.

The similar result (U;)13 = 0 has also been derived by Low and Volkas [6] although their interest was
in the “trimaximal mixing” and they have assumed a specific flavor symmetry. In the present general
study, we can obtain s;3 = 0, but s12 and sss are still free. The result (42) is a conclusion which is
derived model-independently.

Note that the case (29) satisfies (U%)? = 1, so that the flavor transformation Ux also satisfies

(Ux)? = 1. (43)

This suggests that an approximate flavor symmetry in the lepton sectors is a discrete symmetry Zs.
Inversely, for the neutrino mass spectra with m,; # m, 2, if we take the operator Ux = UYU%(U¥)t
with the form (29) of Uk, we obtain

s ¢ 0
U%)D,(U%) =D, +(mya—my1)s| ¢ —s 0 |, (44)
0 0 0
which leads to
ULk MUy = M, + (mya — m,1)sB, (45)

where the symmetry breaking term B is given by

s ¢ 0
B=Ui| ¢ —s 0 |(UDT. (46)
0 0 0

The matrix B is rewritten as

0 ca3 —s23
B=Uj| cas 0 0 (Ui, (47)
— 893 0 0



by using the relation Ux = Ug P£(U%)! and the constraint (41). Of course, the result (45) shows that in
the limit of m,; = m,2 and/or s = 0, the operation Ux becomes that of the exact symmetry. The forms
(46) and (47) of the symmetry breaking term will give a clue to a possible form of the flavor symmetry
breaking. However, in order to fix the values of sa3 and s12 (or s), we must put a further assumption. In
the present paper, we do not give such a speculation any more.

If we apply the similar discussion to the quark sector in the limit of m4 = m,, we can obtain |V,,,| = 0.
This may be taken as the reason of |V, |2 < [Vop|?, |[Va, |2

5. Concluding remarks

In conclusion, we have noticed that when we assume a flavor symmetry, we must use the same operation
Ux simultaneously for the up-quarks ur; and down-quarks dy; (and also for the charged leptons er; and
neutrinos vr;), and we have demonstrated that the existence of such an operation Ux without an SU(2)
breaking leads to unwelcome forms of the CKM mixing matrix V, = (U¥)iU§ and the MNS mixing
matrix U,(Ug)UY, even if we can obtain reasonable mass spectra: in the limit of an unbroken flavor
symmetry, the CKM and MNS mixing matrices cannot describe flavor mixings except for only those
between two families when the fermion masses are completely different from each other, and that only
when m,1 = myy (mg = m,), the MNS matrix U, (the CKM matrix V;) can describe a three family
mixing with an interesting constraint (U;)es = 0 ((Vg)us = 0).

If we want to investigate the “generation” problem from the standpoint of flavor symmetry, our results
(18) and (26) demands that the flavor symmetry should be completely broken at a high energy scale Mx,
so that we cannot have any flavor symmetry below py = Mx. We have to seek for a flavor symmetry
breaking mechanism under the condition that the original Lagrangian (including the symmetry breaking
mechanism) is exactly invariant under the SU(2)g.

For example, let us consider a two Higgs doublet model, or a 5;, < EIL model [12]. In such a model,
the effective Yukawa coupling constants Y/ below u = My are given by a linear combination of two

Yukawa coupling constants with different textures Yj{ and Yg,

vi=dv] + 4y, (48)
so that Y7 (Y /)1 do not satisfy the flavor symmetry condition

viyf(yHitux = vH(yHi, (49)
although YX(YX)T and Yg (Yg)T must satisfy the conditions

Uky{(v)iUx = Y{(v]), ULYEYUx = YA, (50)

respectively, even if at 4 < Mx. In other words, there is no operator Uy which satisfies the condition
(49). Thus, we can break the flavor symmetry without the SU(2)z symmetry.

However, we should note that the matrices Yj and YIJ; have to satisfy the conditions (50). As an
example, let see a two Higgs doublet model with Zg and S; symmetries [13]. In the model, we assume
that under a discrete symmetry Zg, the quark and lepton fields +7, which belong to 10, 55 and 1z of
SU(5) (1 = vg), are transformed as

Pir = Y1n, Y — wibar, Yar — wiar, (51)

where w = e%7/3, |

Although we use a terminology of SU(5), at present, we do not consider the SU(5)
grand unification.] Then, the bilinear terms gr;ur;, 9r:dr;, LLiVRj, Lrier; and Vivr; Vg = (VR)® =



CrgT and v§ = (v§))] are transformed as follows:

W w w | (52)

Therefore, if we assume two SU(2) doublet Higgs scalars H4 and Hp, which are transformed as

Hy —wHy, Hp— w’Hp, (53)

we obtain Yukawa coupling constants with the following textures:

0 1 1 0 0 0
Y/i=a;| 10 0|, Yi=b;]l0 1 2 |, (54)
100 2y 1

where in addition to the Zg symmetry, we have assumed a flavor 2 ¢ 3 symmetry (S; symmetry). At
a high energy scale y = Mx, the Z3 symmetry is broken, and the mixing between H4 and Hp takes
place. We assume that the one component of the linear combinations of H4 and Hp plays a role of the
conventional Higgs scalar, so that we obtain the following universal texture of quark and lepton mass

matrices My:

My = P;M; Py (55)
where P; is a phase matrix defined by

Py = diag(e”lf, e”g, e”sf) , (56)

and J/V_f\f is a real matrix with a form

0 af af
Mf = af bf bfa:f 3 (57)
ap brzy by

[a; and b; have been redefined by including the mixing coefficients, differently from those in the expres-
sions (54)]. Here, note that the parameters 5{ are phenomenological ones. If we still require So symmetry,
we obtain 55 = Jg. If we assume an “extended 2 <> 3 symmetry” with a phase conversion [14], we can
obtain 55 + Jg, but the SU(2)z, symmetry still requires d3 — d2 = (0% — 6¢) — (0% — 6%) = 0. On the other,
in this model, the nonvanishing value of §3 — J2 is essential to give a nonvanishing value of |V,3|, because
it is given by |V,s| ~ sin(d3 — é2)/2 in the model. Thus, in this model, we cannot obtain reasonable CKM
and MNS mixing matrices without breaking the SU(2) symmetry (i.e. d3 — §; # 0). For currently pro-
posed phenomenological mass matrix models with a flavor symmetry breaking, it is important to check
whether the mass matrix forms with a broken flavor symmetry are still invariant or not under the SU(2),

symmetry.



Finally, we would like to comment on the results (42) and (43) in the case of m,1 = m, 3. This suggests
a possibility that we can reasonable understand the observed smallness of |(U)13| [15] and [(Vy)us| [16] if
we consider a model with a flavor symmetry of Zs type, (UX)2 =1, and with m,; = m,3 and mg; = mys

at 4 > Mx. This will give a promising clue to possible features of the unbroken flavor symmetry.
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