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In order to evade the proton decay which appears when the Zee model is embedded into a SUSY
GUT scenario with R-parity violation, a new idea based on a discrete symmetry Z> has recently
been proposed. Under the symmetry Zs, the quark and lepton mass matrices are tightly constrained.
Possible forms of the radiatively-induced neutrino mass matrix are systematically investigated.

PACS number(s):

I. INTRODUCTION

The origin of the neutrino mass generation is till myste-
rious problem in the unified understanding of the quarks
and leptons. The Zee model [1] is one of promising mod-
els, because the model has only 3 free parameters and it
can naturally lead to a large neutrino mixing [2], espe-
cially, to a bimaximal mixing [3]. However, the original
Zee model is not on a framework of a grand unification
theory (GUT)., and moreover, The most attractive idea
[4] to embed the Zee model into GUT is to identify the
Zee scalar hT as the slepton €g in an R-parity violating
supersymmetric (SUSY) model. However, usually, it is
accepted that SUSY models with R-parity violation are
incompatible with a GUT scenario, because the R-parity
violating interactions induce the proton decay.

Recently, in order to suppress the proton decay due to
the R-parity violating terms, a discrete Z, symmetry has
been proposed [5]. As we review in Sec.II, the essential
idea i1s that the R-parity violating interactions occur only
when the field 1 of the third family is related under the
75 symmetry. Then, the quark and lepton mass matrices
are tightly constrained. In the present paper, we will give
a systematical study of the radiatively induced neutrino
mass matrix forms under the Z, symmetry.

I1I. Z, SYMMETRY AND THE PROTON DECAY

We identify the Zee scalar hT as the slepton fé}g which

is a member of SU(5) 10-plet sfermions {/;10. Then, the
Zee interactions correspond to the following R-parity vi-
olating interactions

A?j (E%)?(lz)g)f(JlO)kAB ; (2.1)

where ¢¢ = C’ET and the indices (¢, 4,---), (A4, B, --+) and
(a, 3, ) are family-, SU(5)gur- and SU(3)¢eror-indices,
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respectively. However, in GUT models, if the interactions
(2.1) exist, the following R-parity violating interactions
will also exist:

/\fj (Eg)?(%o)kAB({/;g)f ) (2.2)

which contribute to the proton decay through the inter-
mediate state dg.

In order to forbid the contribution of the interactions
(2.2) to the proton decay, we assume that the R-parity
violating interactions occur only when the field 41 of the
third family 1s related, i.e., we assume the interactions

/\?j (E%)?Wlo)SAB({/;g)f , (2.3)

instead of the interaction (2.2). Then, the terms

/\?j (ER)i(%)j(u%)g cannot contribute to the proton de-
cay. In order to realize the constraints

My =XMg=M, =0 for k=1,2, (2.4)

we introduce a discrete symmetry Z-, which exactly holds
at every energy scale, as follows:

()i = m(s)i » ()i = mildg)i (2.5)
(Y10)i = & (Wo)i » (10)i = &i(¥10)i s

where 7; and &; take
n=(+L+1,+1), £€=(-1,-1,41), (2.6)

under the Z, symmetry. Then, the Z, invariance leads
to the constraints (2.4).

However, if the renormalization group equation (RGE)
effects cause a mixing between the first and third fam-
ilies, the interactions (2.3) can again contribute to the
proton decay. If we assume that 5 and 5 Higgs fields H,,
and Hy transform as

Hy, —+H,, Hy— +Hy, (2.7)



under the Zs symmetry, the up-quark mass matrix M,
is given by the form

¢y dy O
M,=1 d, b, O (2.8)
0 0 ay

This guarantees that the top quark ug in the R-parity
violating terms (2.3) does not mix with the other com-
ponents (u1 and uz) even if we take the RGE effects into
consideration, so that the interactions (2.3) cannot con-
tribute to the proton decay at any energy scales.

On the other hand, the down-quark mass matrix My
and the charged lepton mass matrix M., which are gen-
erated by the Higgs scalar H,;, have the form

0 0 0
My=MT=[0 0 0 (2.9)
a; dg as

The mass matrix form (2.9) cannot explain the observed
masses and mixings. In order to give reasonable masses
and mixings of the quarks and charged leptons, we must
consider additional SU(5) 45-plet Higgs scalars, which
do not contribute to the up-quark mass matrix because
o My $, belongs to (10x10) symmetric- Then, we obtain
the down-fermion mass matrices

¢ ¢ e
Ma=| ¥ b, b, . (2.10)
ay +a) as+aly, az+ af
-3¢ —3c4 —3ch
M7= sy 3k, -3, |, (2.11)

ay — 3al as — 3ah as — 3ah
where a; and (b;,¢}) denote contributions from the
45-plet Higgs scalars Hz(g) and Hz(lg) which transform
Hz(g) — —|—H£;_) and Hig) — —HA(L;) under the symme-
try Zs, respectively.

However, such additional Higgs scalars Hz(g) cause an-
other problems. One is a problem of the flavor chang-
ing neutral currents (FCNC). This problem is a common
subject to overcome not only in the present model but
also in most GUT models. The conventional mass matrix
models based on GUT scenario cannot give realistic mass
matrices without assuming Higgs scalars more than two.
For this problem, we optimistically consider that only
one component of the linear combinations among those
Higgs scalars survives at the low energy scale p = Ap (Ag
is the electroweak energy scale), while other components
are decoupled at y < Ax (Ax is a unification scale).

Another problem is that the 45 Higgs scalars can have
vacuums expectation values (VEV) at the electroweak
energy scale Ap, so that the Z, symmetry is broken at
1 = Ap. Therefore, the proton decay may occur through
higher order Feynman diagrams. In the conventional

GUT models, it is still a current topic whether the col-
ored components of the SU(5) 5-plet Higgs scalar can
become sufficiently heavy or not to suppress the proton
decay. We again optimistically assume that the colored
components of the 45-plet Higgs scalars are sufficiently
heavy to suppress the proton decay, i.e., that such effects
will be suppressed by a factor (Ar/Ax)?.

III. RADIATIVELY INDUCED NEUTRINO
MASSES

We define fields u;, d; and e; as those corresponding to
mass eigenstates, 1.e.,

Hppass = @ UL T M Ubug + dp U MU dg

+e UST M UG er + hee. (3.1)

and fields vr; as partners of the mass eigenstates ey, i.e.,
l1; = (vLi, eri). We define the neutrino mass matrix M,
as

Hy mass = 7E]\41/VL . (32)

Therefore, a unitary matrix Uy which is defined by

UZTMVUZ =D, = dlag(mllla mlzlamg) ) (33)
is identified as the Maki-Nakagawa-Sakata-Pontecorvo [6]
neutrino mixing matrix Uyrvsp = UF.

(vL)i ¢ (4, B (dyp) A i)
FIG. 1. Radiatively induced neutrino mass through the
down-quark loop. The vertices A, B, C and D are given by
(UEATE )y (Tf)an, (UH MU )t, (AT )i (U Jar, and

(ﬁgT%ZU}lg)kl, respectively.

In addition to the R-parity violating terms (2.1) and

(2.2) KQE)], we assume SUSY breaking terms {/:51/)10}[54
(and 1/)51/)1on—5). For the moment, we do not consider

fe%—Hj mixing as in the original Zee model. Then, the
neutrino masses are radiatively generated. In Fig. 1, we
illustrate the Feynman diagram for the case with the
down-quark loop. The amplitude is proportional to the
coeflicient

(UéT/\UE)l](ﬁLd)Sn . (UgTMdU%)kl

'(ﬁéT/\TUE)mi(UICJl)Sk : (fngﬁ%ijé)nm



= (MgAUL )i (Mg AU )s; (3.4)
where (m3);; are coefficients of (cAll)i(cflvR)j, and (A);; =
/\?j. Similarly, we obtain the contributions from the
charged lepton loops. Therefore, the radiatively induced
neutrino mass matrix M, is given by the following form

(M,)ij = (JS 95 + 595V Ke + (F95 + [ia

where K; (f = e,d) are common factors independently
of the families, and

NEKq, (3.5)

ff = (MINR)si o gf = (M7 AU )si
fE= (MAUR)si , gff = (MIAUS)si -

On the other hand, the contributions due to the Hc‘ll'—
€T mixing are as follows. There are no contributions

BG)+>, {/;(3)], because we
can always eliminate the contributions from HU(5){/;(3)
by re-definition of the scalar H4(5). Also, there are no
contributions from Hd(E)Hd(E){/;(lO), because 1;(10) is
anti-symmetric in SU(5) indices. However, the terms
Ha(5)H4(45) {/;(10) can cause the H;ll' - €t mixing. There-
fore, the final result which includes the Hc‘ll' contributions
is given by

M;; = (fi 95

where

(3.6)

from bilinear terms H,(5)[Hg4

IS K+ (St + I8 Ka+ FE L, (3.7)

. . . . .
Fy = (VP AMM Up)ig + (i ), (38)

and M, denotes the contributions due to S Trer, HY[Hf
denotes (Hq(5))*, (H{T(35))* and (H(7)(@5))*]. We
have already assumed that only one component of the
linear combinations among those Higgs scalars survwes
at the low energy scale. Then, we can regard M as
M = M. Therefore, we can denote F; as

= (A D)ij + (i & j) = Ay (m§" —mf?),  (3.9)
where A = UET/\UE is antisymmetric tensor as well as
A, and m{ = (me, m,, m;). Note that, in this case, the
third term in (3.7) has the same mass matrix form as

that in the original Zee model.

IV. PHENOMENOLOGY

In the SUSY GUT scenario, there are many origins of
the neutrino mass generations. For example, the sneutri-
nos 7, can have the VEV, and thereby, the neutrinos vy;
acquire their masses (for example, see Ref. [7]). Although
we cannot rule out a possibility that the observed neu-
trino masses can be understood from such compound ori-
gins, in the present paper, we do not take such the point
of view, because the observed neutrino masses and mix-
ings appear to be rather simple and characteristic. We

simply assume that the radiative masses are only domi-
nated even if there are other origins of the neutrino mass
generations.

However, even if we neglect all the other contributions
except for the radiatively induced neutrino masses, we
still have too many parameters. In the present section,
we investigate some special cases of the expression (3.7)
by assuming simple relations among the parameters from
the phenomenological point of view.

A. special case with f> = f5 and g2 = g3

It is well known that the nearly bimaximal mixing is
derived from the neutrino mass matrix with 2<+3 symme-
try [8]. Therefore, first, we investigate a case with =
f?{ > f{ and gg = gg > g{ (f = e,d). For the third
term of (3.7), for simplicity, we assume /\’12 ~ A3~ A
, so that we neglect the term Ff, = A} ( — m?) com-
pared with F$ = A5 (m?— ) and Ffy = /\ s(m2—m?).
Then, the neutrino mass matrlx (3.7) approx1mately be-
comes a simple form

0 0 a
My~mg| 0 1 1+4a], (4.1)
a l4+a 1
mo = 2(f595Ke + f595Ka) | (4.2)
moa = FisK. ~ F5. K. . (4.3)

For a case |a| < 1, the mass eigenvalues are given by

my = (\/g_la 3+\/§a2—|—0(a3)) mo ,
3-V3 ,

Y
3
5 a+ o a—l—O(a))mo, (4.4)

1
ms = (2 +a+ Zaz + O(a?’)) mo ,
so that those give

2 _ .2
Amz, = m5—

m? = V/3a? (1 + éa + O(az)) ma , (4.5)

2 .2
Amz, = mz—m

(4+4 + 2\/§ 2—|—O(a3)) m3

(4.6)



_ Amj, _ V3 2 5 4
R= Aml, ~ -5 ¢ 1- ¢ +O(a®) . (4.7)
The mixing matrix U is give by
1
C —S5 ma
1 1 1
U ~ —ﬁs ﬁc ﬁ , (48)

where ¢ = [(V3 4+ 1)/2V3]7 and s = [(v/3 — 1)/2V3]2

and 1t gives

Ul = éaz(l —a) +0(a?) (4.9)

) — ATT2 772
sin” 20010y = 4U7 U =

[SCR N )

(1 + %a) +0(a%), (4.10)

1
sin? 204 = 4UsU% =1 — ~a* + O(a?) .

1 (4.11)

From the recent atmospheric and solar neutrino data

[9,10]

4.5 x 107 5%eV?

~ = 18x1077, 4.12
2.5 x 10~3eV? (4.12)
we estimate

a~023, (4.13)

so that we obtaln
Uy = 0.0050 , (4.14)
sin? 20514, = 0.72 , (4.15)
sin? 204, = 0.99 . (4.16)

B. Model M;; = mo(fig; + fj9:) with inverse hierarchy

When the K!-terms are negligibly small and either the
K.- or Ky4terms are also negligible, the general form
(3.7) becomes a simple form

(My)i; = mo(figi + fiai) - (4.17)

Hereafter, for convenience, we will normalize f; and ¢; as
FiP 1P+ 1617 =1l + g2 +1gs* = 1. (4.18)

In the most SUSY models, it is taken that the form of
ﬁlj% (f = e,d) is proportional to the fermion mass matrix
M;. Then, the coefficients g; are proportional to f;, so

that the mass matrix (4.17) becomes (M, );; = 2myg fi f;,

which is a rank one matrix. Therefore, we rule out the
case with ﬁlj% o< M.

For convenience, hereafter, we assume that f; and g;
(i = 1,2,3) are real. The mass eigenvalues and mixing
matrix elements for the neutrino mass matrix (4.17) are
given as follows [5]:

my = —(1—¢&)mo , (4.19)
mi =0,
1 3 i
Ui = —= fity ,
2VI+¢
U fi—
U = — , 4.20
TVAVIE 4:20)
. o Jigw
UZB _EZJk\/T—gz 5
where
§=figi + f292 + f395 . (4.21)

As seen in (4.19), the mass level pattern of the present
model shows the inverse hierarchy as well as that of the
Zee model. From (4.19), we obtain

A3y = ()2 — ()2 = —tem

Am3, = (m4)? — (m4)? = —(1 — £)?m? | (4.22)
Am3, 4

R= AmZ, ~ (1-¢)?2° (4.23)

For a small R, 1.e., £ = ¢ ~ 0, the mixing parameters
sin? 20,,1ar , sin? 260 44 and UZ, are given by

. 1
sin? 205014, = AUL UL, = m(ff —ghH?,  (4.24)
sin? 20,44 = AU LU,

- ﬁ[ﬁﬁ% + 9293 — £(fag2 + foga)]® . (4.25)

(4.26)

In order to demonstrate that the mass matrix form
(4.17) has reasonable parameter values for the observed
data, we again assume the 2 <> 3 symmetry:

leSOéa f2:f3:%‘:0& 3
J1=7Cp, 92 =93 = —%Sﬁ )

where ¢, = cosa, s, = sina and so on. Then, the pa-
rameterization (4.27) gives

E=ce¢=sin(a—j),

(4.27)

(4.28)



sin? 20,414, = cos*(a + ) , (4.29)
sin 2040m = 1, (4.30)
Ui =0. (4.31)

We assume that the values of a and [ are highly close

each other, i.e., sin(a—8) ~ 1072, The result (4.29) with

a ~ 3 means that we can fit the value of sin? 20, o4 With

the observed value [10] sin? 20,,1ar ~ 0.8 from the solar

neutrino data by adjusting the parameter o (~ f3).
From the observed data (4.12), we estimate

e=45x107?, (4.32)
and
mo =~ my ~ |my| ~/Am2,,, =0.050eV .  (4.33)

The effective neutrino mass (m,) from the neutrinoless
double beta decay experiment is given by

(my,) = (M,)11 = 2mocasg

~ moy/1 —sin? 20500ar ~ 2.2 x 1073 eV |

where we have used the observed value [10] sin? 20, o1 ar ™~

0.8.

(4.34)

C. Model M;; = mo(fig; + f;9:) with normal hierarchy

Note that, as seen in (4.23), the choice 1 —¢ ~ 0 is also
a possible solution which can explain the observed ratio
(4.12). Instead of (4.19), we redefine

vo__
m; =0,

(4.35)

my = —(1—=&)mg = —emg ,

my = (1+&)meg=(2—¢e)mp ,

where we have put 1 —& = £. Since we may consider that
M; is approximately proportional to ﬁlj%, it 1s likely that
fig1 + fa92 + fags =~ 1. Then, instead of (2.23)-(2.26),

we obtain

R=1n=g (4.36)

sin? 20410r = L _g1)2(f2g13+ Ll (4
(1 - 5¢)

sin? Wy = J2H 92U + Jo)” (4.38)

(2—¢)? ’

(fi+a1)°

Ufs = : 4.39
13 4(1 _ %6) ( )
Again, we investigate a special case
fi=—g1 =sina,
/ cosa(cosf—sinf), (440)
= —g3 = —=cos afcos f —sin 3) | .
2 93 V2
/ = cos afcos 4 sin )
= —ga = —=cos a(cos sin 3) |
3 g2 V2
which gives
Uy =0, sin® 204, =1. (4.41)
Then, (4.37) is given by
. 4p
sin? 20, p1ar = ———— | 4.42
1+ p)? (442
where
p =sin? §/tan’ o . (4.43)

By the way, the parameterization (4.40) leads to the
expression

—b? ab —ab
Ml, = 2f2f3m0 ab 1 1 + Clz s (444)
—ab 1+ d® a
where
oo L fr V2sinG : (4.45)
V2fafs  cos2B
b= tan (4.46)

T V2Rt Jeos23

Although fa2 # f3 in the present model, the mass matrix
form (4.44) still keeps 2 <> 3 symmetric (anti-symmetric).
In the limit of a = b =0 (i.e., f£ = (f2 — f3)? = 0), the
mass matrix (4.44) becomes 2 x 2 democratic form. If we
assume that the breaking parameters f{ and (f2 — f3)?
of the democratic form satisfy the relation

ff=(fs—f2)7, (4.47)
which corresponds to
tan? o = 2sin” 3 (4.48)
then, we obtain p = 1/2, so that we get
e=2sin"a(l+p)=3sin"a, (4.49)
sin? 20,014, = 8/9 = 0.89 . (4.50)

Note that the value of sin® 26,14, is independent of the
value of a. The observed value of R, (4.12), is realized
by taking € ~ 1/4, i.e., sin? o ~ 1/12.



V. CONCLUSION

In conclusion, we have proposed a neutrino mass ma-
trix model based on a SUSY GUT model where only top
quark takes R-parity violating interactions and the Z»
symmetry plays an essential role, so that the proton de-
cay due to the R-parity interactions can be evaded safely.

The general form of the radiatively induced neutrino
mass matrix in the present model i1s given by the ex-
pression (3.7). Since the form (3.7) has too many pa-
rameters, we have investigated phenomenology for some
special cases. A simple case (4.1) is very interesting, be-
cause the case leads to reasonable results U ~ a?/12,
sin? 20,01ar ~ 2/3, and sin? 204, ~ 1 together with
R ~ /3a%/4. The case (4.44) is also attractive, since
it gives U = 0, sin? 20, o1ar = 8/9, and sin? 2040 = 1
when we assume a simple relation among the parame-
ters. In order to know which model is reasonable, more
careful study about SUSY breaking terms in the model
is required together with phenomenological study of the
quark and charged lepton mass matrices.
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