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Can the SO(10) model with one 10 and one 126 Higgs scalars give the observed masses and
mixings of quarks and leptons without any other additional Higgs scalars? Recently, at least, for
quarks and charged leptons, it has been demonstrated that it is possible. However, for the neutrinos,
it is usually said that parameters which are determined from the quark and charged lepton masses

cannot give the observed large neutrino mixings. This problem is systematically investigated, and
it is concluded that the present data cannot exclude SO(10) model with two Higgs scalars although

it cannot give the best fit values of the data.

PACS number(s): 14.60.Pq, 12.15.Ff, 12.10.-g
I. INTRODUCTION

SO(10) GUT model seems to us the most attractive
model when we take the unification of the quarks and
leptons into consideration. However, in order to repro-
duce the observed quark and lepton masses and mixings,
usually, a lot of Higgs scalars are brought into the model.
So it is the very crucial problem to know the minimum
number of the Higgs scalars which can give the observed
fermion mass spectra and mixings. A model with one
Higgs scalar is obviously ruled out for the description of
the realistic quark and lepton mass spectra. Two Higgs
models were initially discussed by Mohapatra et.al [2].

In the previous paper [1], we discussed 2 Higgs scalars,
{10 and 126} case and {10 and 120} case, and showed
that they reproduce quark-lepton mass matrices unlike
the conventional results [3]. One of new points of our
approach is that we adopt general forms of Yukawa cou-
plings allowable in the SO(10) framework. However, we
did not argue there about the neutrino mass matrix since
it may incorporate additional assumptions like the seesaw
mechanism etc.

One of the merits of the SO(10) model is that it in-
cludes a right-handed Majorana neutrinos in the funda-
mental representation and naturally leads to the seesaw
mechanism. Also Brahmachari-Mohapatra claimed that
two Higgs model ({10 and 126+126}) does not repro-
duce the large mixing angle of the atmospheric neutrino
deficit [4]. So in this paper we apply our method devel-
oped in the previous paper to the neutrino mass matrix,
fitting the other parameters of the quark-lepton mass ma-
trices. Our model has the two Higgs scalars {10 and 126}
both of which are symmetric with respect to the family
index. Therefore mass matrices are symmetric whose en-
tries are complex valued. We do not adopt another choice
{10 and 120}. For it does not involve the mass term of

the right-handed Majorana neutrinos which are the in-
gredients of the seesaw mechanism.

We begin with the short review of our previous work
[1]. In the case where two Higgs scalars, ¢19 and @126,
are incorporated in the SO(10) model, the mass matrices
of quarks and charged leptons have the following forms

My =coMo+c1 My, Mg= Mo+ My, M, = My — 3M;.
(1.1)

Here My and M, are the mass matrices generated by the
Higgs scalars ¢19 and @126, respectively. Also ¢g and ¢;
are the ratios of VEV’s,

co = vg /vg = (#19)/(610),
€1 = U%/“f = lfg6>/< (1186%
and ¢* and ¢% denote Higgs scalar components which

couple with up- and down-quarks, respectively. Elimi-
nating My and M; from Eq.(1.1), we obtain

(1.2)

Me :Cde—|—CuMu, (13)
where
3 4
Cd:_M = ) (1.4)
cop — C1 Cop — C1

Since M,, My, and M, are complex symmetric matrices,
they are diagonalized by unitary matrices U,, Uy, and
U., respectively, as

Ug MUy = Dy, Ui MaUq=Dq, Ul MUe =D, ,
(1.5)
where D,,, Dy, and D, are diagonal matrices given by

D, = diag(muammmt) ) Dy = diag(mdamsamb) )
(1.6)

D. = diag(mea my, mr) )



Since the Cabibbo-Kobayashi-Maskawa (CKM) matrix
Vy is given by

Vo =UlU;, (L.7)

TeD. D! = |eg? Tr {(qudvqT + kD) (V, DV + K?DU)T} ,
Te(DeDE)? = Jeal* Te (Vo DV +mDu)(VaDaVE + kD)),

det DD} = |eq]° det {(qudvqT + kD) (VyDaV + HDU)T} ,

where k = ¢, /cq. By eliminating the parameter ¢4, we
have two equations for the parameter «:

(mZ+mi +m7)®  (1.9)3

= 1.12
mimim? (1.11)’ (1.12)
2 2 242 2
:+ + m3 1.
bme my tmy)” ___(19) (1.13)

(1.9)2 — (1.10)

7m2 2 m2 72
2(mZmZ +mimZ + mZm?2)

where (1.9)3, for instance, means the right-hand side of
Eq.(1.9) to the third power. Let us denote the parameter
values of « evaluated from Eqs.(1.12) and (1.13) as k4
and kg, respectively. If k4 and kp coincide with each
other, then we have a possibility that the SO(10) GUT
model can reproduce the observed quark and charged lep-
ton mass spectra. If k4 and kg do not so, the SO(10)
model with one 10 and one 126 Higgs scalars is ruled out,
and we must bring more Higgs scalars into the model.

Note that Egs. (1.9)-(1.11) can constrain only the ab-
solute value of ¢4 = |eqle’. The argument of the param-
eter ¢4 can be determined by taking neutrino sector into
consideration. In the previous paper [1], we have found
that only for the signs of the masses

(Mg, Me, My, My, M, Mg My, My, M)
=+,—++ - —+x,%) (a), (1.14)
and
= (+,— -+, — —++,%) (b), (1.15)

there are solutions which gives k4 = xp, and the corre-
sponding parameter values (|eq|, &) are

(leal, k) = (3.15698, —0.019296¢% 541727 (1.16)
(3.03577, —0.01939862 995794y for (a), (1.17)

and
= (3.13307, —0.019314¢>71464°1), (1.18)
(3.00558, —0.019420¢31°914°%) for (b)  (1.19)

and m; = 76.3 [MeV] for input a3 = 0.0420 [rad] and
d = 60° at u = myz (mg is the neutral weak boson mass).
For the relation between the values at ;1 = myz and those
at 4 = Ax (Ax is a unification scale), see Ref. [1]. The
purpose of the present paper is to investigate whether
these solutions can give reasonable values for observed
neutrino masses and mixings or not.

the relation (1.3) is re-written as follows:

(U0 D(UIUL) = caVyDaV," + cuDy. (1.8)

Therefore, we obtain the independent three equations:

(1.9)
(1.10)

(1.11)

II. THE NUMBER OF PARAMETERS IN THE
SO(10) MODEL WITH TWO HIGGS SCALARS

As we have discussed in the previous section, among
four freedoms of complex {cg, ¢1} or {cq, x}, we have
been able to fix the three of them, x and |¢g4|. This is not
accidental. Let us discuss the situation in detail in the
SO(10) two Higgs model.

In the previous paper, by using the relation (1.8), we
have investigated whether there is a set of parameters
which can give the 13 observable quantities D., Dy, Dy,
and V; or not. We can rewrite Eq.(1.8) as

AT DcAc = eq(VyDaV)] + kDy), (2.1)

where
A, =UlU,, (2.2)
cq = |eqlet. (2.3)

The quantities D., D,, Dy, and V, are inputs, and
the quantities |cq], %, and A, are the parameters which
should be fixed from those observed quantities. In gen-
eral, an n X n unitary matrix for n generations has n?
parameters. Therefore, the number of the parameters is

N(pmt) = N(A) 4+ N(ca) + N(k) =n” +2+2. (24)
On the other hand, the number of equations is

N(egs) =n(n+1), (2.5)
because Eq.(2.1) is symmetric. Therefore, the number of
the unfixed parameters is given by

Niree = N(pmt) — N(eqs) =4 —n =1, (2.6)
for n = 3, i.e., the 13 observed quantities fix the param-

eters |eq4l, %, and A, but 1 parameter o remains as an
unknown parameter.



In the present paper, we will try to predict neutrino
masses

D, =U"M,U,, (2.7)
and mixing matrix
Vv, =UlUr, (2.8)

by using the observed quantities D, Dy, Dg4, and V; and
the parameter values |cq4|, &, and A, fixed by Eq.(2.1).

SO(10) GUT asserts that the Dirac neutrino mass ma-
trix Mp is given by the form

MD :CQMO—361M1, (29)

and Majorana mass matrices of the left-handed and right-
handed neutrinos, M and Mg, are proportional to the
matrix M;:

ML:CLMl, MR:CRMl, (210)

where My and M, are related to the quark and charged
lepton mass matrices M,, My, and M, as follows:

My + M,

My = 3%, (2.11)
Mq— M,

M = dT' (2.12)

Then the neutrino mass matrix derived form the seesaw
mechanism becomes

M, =My, — MpMgz'M}
=cr M,

—cpt (oMo — 3¢y My )M (eg My — 3¢y My)T . (2.13)

In the present paper we adopt ¢z = 0. Also we may ig-
nore the phase of ¢g which does not affect the observed
values. Therefore, we can rewrite Eq.(2.13) as

ler|AT D, A, = Mp MM, (2.14)
similarly to Eq.(2.1), where
Mp = coMy — 3¢; My, (2.15)
My = %(31\% + M), (2.16)
M, = %(Md — M,), (2.17)
with
My = U MU, = V,DaV], (2.18)
M, =UTM.U, = ATD A,
= ca(VyDaV' + kDy). (2.19)

Differently from the previous work, the quantities 1, and
Vi are unknown parameters at the present stage. Since

V, = Ar AT, (2.20)

and A, is fixed from Eq.(2.1), the number of the unknown
parameters in Eq.(2.20) is

N(A)) = N(V,) =n% (2.21)

Of course, the unknown parameters in A, contain the n
unphysical parameters which cannot be determined be-
cause of the rephasing in the fields er. Therefore, the
number of the unknown parameters is
N(pmt) = N(D,) 4+ N(Ay) + N([er|) + N (o)
=n4+ni+l+1l=n’+n42 (2.22)

and from the number of equations N (eqs) = n(n + 1) in
Eq.(2.14), we obtain the number of the unfixed parame-
ters as

Nfree = N(pmt) - N(eqs)
=’ 4+n+2)—nn+1)=2.
This means that we can predict neutrino masses and mix-
ing completely if we give the two values |cg| and . The

numerical predictions will be investigated in the next sec-
tion.

(2.23)

III. NUMERICAL RESULTS

Here we discuss the numerical results of the neutrino
mass spectrum and neutrino mass matrix. For exam-
ple, we use the set in Eq.(1.18). Even if the other sets
are used, our results are scarcely changed. The allowed
values of neutrino mass square differences and lepton fla-
vor mixing angles depict complicated tracks with moving
o = argeq (Fig. 2). This figure shows a general ten-
dency that the lepton flavor mixing angles 615 and 623
get larger as o approaches to 37/2. For an illustration
we take ¢ = 1497/100, then these values become

Amiy _ 0.15, img?’ = .85,

2 = 2 =
Amiy mis

sin?(2012) = 0.76, sin?(2023) = 0.75,
sin?(260,3) = 0.16. (3.1)

There still remain a little bit discrepancies between our
results and experiments. However our results are much
improved in comparison with those by Babu-Mohapatra
[2] in which they obtained sin 615 = 0—0.3, sin 6153 = 0.05,
and sin @23 = 0.12—0.16. The purpose of the present pa-
per 18 to study the general tendency of the fittings and
not to pursuit the precise data fitting, for the data them-
selves are not affirmative and we have theoretical ambi-
guities not incorporated in the present data fitting like
the renormalization group effect.
In the choice of Eq.(3.1), we have

lca| = 3.16 (3.2)
1- .
co = C—Cd = 54.84e~2024%1 (3.3)
e = — 2 gq 5getan o0t (3.4)
Cu

In this case, Eq.(2.11) - Eq.(2.13) are re-written in the
basis of M,, = D, (see Eq.(1.8)) as



3V(IDquT + Cd(lﬁ?Du + ‘/(IDquT)
My = 1

- —0.00405¢ 72729 —0.00753¢ 75024 —0,00533¢ 65467
= 2.1646 x 103T10-487 | _0.00753¢=5624%1 _(.02986¢ 515" 4+0.06358¢ 57647 | | (3.5)
—0.00533¢+65:46% 1.0.06358¢ 574" 11.00000
VquVqT — Cd(K?Du + ‘/(IDquT)
4

1:

[ —0.00715¢+95-23% (01333 +90-54%1 10,00944F38-257
9.5127 x 10%e™ 244477 | _0.01333e196:54%1 _(),04878e 190737 10.11247¢+95:13% | | (3.6)
+0.00944¢138:23% 1011247 19513° 41.00000

|CR|M = (CoMO — 361M1)M1_1(60M0 — 361M1)T

[ +0.1163eF2089% 10 21652806 _( 1536¢3058"
= —4.6628 x 10% 75217 | 40.2165+2305% 1) 8193 +28:00% _] 9976 +29-52% | | (3.7)
—0.1536e~3053% _1.9276e12952° 11,0000

Let us choose the free parameter |cg| so as to result in small neutrino masses, for example when |cg| = 3.2 x 108, we
have Am2; = 1.5 x 1073[eV?] (QVO).

Here there arises a question what makes the two flavor mixing angles large. We need to investigate the mixing
matrices U, and U, which diagonalize M, and M, , respectively. Those are obtained as

+0.863 +0.504e+ 9467 _() )22 +56.66%

Uo=| —0.493¢e~ 932° 10.834 —0.248¢116:63% | (3.8)
—0.110e=2140%1 1(.223e-18:10% 1) 969
+0.992 —0.092e=15:94%1 _() )88 +12:86%

Uy, = 40.049¢+76:85%1 10724 —0.688¢16.:08% | (3.9)

+0.117et 980% 1) 683e+16-74% 4 721

Here, [Uc11|, |Uer2], |Ue21|, |Ue22| 2 0.5 for the charged lepton mass matrix and |U,asl, |Uyasl|, |Uvsa|, |[Uvas| 2 0.7 for
the neutrino mass matrix. Therefore the components of the lepton flavor mixing matrix become |Vi11|, |Vii2], |Vi21l,

|V122|, |V123|, |V132|, |Vl33| Z 0.5:

+0.844¢F 210% _0.494e~ 99571 1.0.206¢H2361°
Vi= | +0.527¢t 326% 10696~ 8847 _(). 488249771 | (3.10)
+0.0986_15'78°i —|—0.5216_27'43°i —|—08486+ 6.32°

The mixing angle #5 becomes larger, while the mixing angle 615 smaller, if we take the smaller value of |m;| or |my|,
or larger |m.|, or |my], |m| than their center values.

As a simple example, the shift of |mg4| and |mg| causes the change of mixing angles and neutrino mass square
differences as depicted in Fig.2. Fig.2 shows that the #235 and 615 can approach the 9%C.L. of SK [7][+CHOOQZ [8]
but @12 and Am?, are out of the range of 99% — 99.9%C.L. of SOLAR [9]+CHOOZ.
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FIG. 1. The relation between our results and the two-flavor oscillation analysis [6] when o is moved. (a) The circles and
triangles indicate the values of Am3,/Am?; and Am3,/Ami, at every 7/2 of ¢. (b) The circles, triangles, and stars indicate
the values of sin® 2623, sin® 26,2, and sin® 26,5 at every 7/2 of o, respectively. (c) The circles, triangles, and stars indicate the
values of (Am3s,sin® 2623), (Ami,,sin® 2815), and (Ami,,sin® 2613) at every 7/2 of o. Here we have set Am3; = 1.5x 1072 [eV?]

in every case.
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FIG. 2. The relation between 3 Oscillation analyses by G.L.Fogli et al. [10] and by us for Am3; = 1.5 x 107?[eV?] (QVO).
(a) For SK+CHOOZ. (b) For SOLAR+CHOOZ. The circles indicate our solutions for Eq.(3.1). The solid line through them

is the track as mq is varied. It goes from the experimental limit
time, |m.

that |mq4| moves over the range, 4.03 - 5.29 MeV [5]. At that

simultaneously changes over the range, 76.3 - 76.2 MeV so as to satisfy the relations (1.12) and (1.13). If we take

the smaller |mgy| with the fixed o, the solution in (a) moves rightward and the solution in (b) does left-upward (Table 1 (i)).
Since the minimum |mq| for (b) gives bad fitting, we have changed o from 1497/100 to 1467 /100 , which is denoted by star
(Table I (ii)). Thus our result approaches the 99%C.L. of SK+CHOOZ and 99.9%C.L. of SOLAR+CHOOZ.

IV. DISCUSSION

Since there are only two basic matrix My and M; in
this model, the number of parameters in Eq.(2.1) and
(2.14) is

Dy, Dg, De, D, Ix4 =12

ed, lerl, & 24142 =5 (4.1)
Vg, Ae, Ay 44949 = 22 :
sum. 39

and the number of equations is N(eqs) = 12 x 2 = 24.
Therefore the number of free parameters is N(pmt) —
N(egs) = 39 — 24 = 15. On the other hand, the number
of the physical parameters which can be determined by
experiments 1s

Moy Me, My,

mq, Ms, Mp,

CKM: 013, 03, 013, 4,
Me, My, My,

My, My, My,

MNS 912, 923, 913, 6; Ba 4

sum.

NSOy QL W

2

where 3 and p are Majorana phases because of no rephas-
ing in the neutrino fields v;,. To sum up the matter, we
discuss the consistency test about 22 physical parame-
ters by using only 15 free parameters. The consistency
test in the quark sector i1s good, as shown in our previous
paper. In the lepton sector, the test is not so bad when
we adopt the QVO solution of solar neutrino deficit, and
this model favors the normal hierarchy of neutrino mass
spectrum.



Also we can predict the yet unobserved values such as
the averaged neutrino masses (m),s and Jarlskog param-
eter in the lepton part. The averaged neutrino masses
appear 1n the reactions where the Majorana neutrinos
propagate in the intermediate states. They are

3
(Mu)ap = | D UajUsymj|

j=1

(4.3)

where o and 3 are (e, p, 7). They correspond to neutri-
noless double beta decay [11] for & = 3 = e, p—e conver-
sion (™ +(A, Z) — et +(A, Z—2)fora=pu, B =¢, and
K decay (K= — 7tp~p™) for « = 8 = p [12] etc. In
Fig.3 we have depicted o dependence of (m, }ag/\/Amis.

In the case of Eq.(3.1), these values become as follows.

0.87 0.35 0.048
0.50 0.20
0.14

(M)ap
\/Amg3 o

For instance, if we input Am2; = 1.5 x 1073 [eV?], (m)..
becomes 0.034[eV]. This value is sufficiently sensitive to
the next generation experiments such as GENIUS [13],
CUORE [14], and MOON [15]. Jarlskog parameter [16]

appears in three generations

(4.4)

AEyAE3AE3
Pve — - P —Sv)=J
(e = w) = Plow = ve) = T o KA g
AEML AEMT AEML
xsin 21 sin 32 sin =B (4.5)
2 2 2
with
J = Im(Vi12V)35V/i5Vios)- (4.6)
Here we have adopted the notation
B Am?k
AEN = EY —EY (4.7)
with
Udiag(E,, Es, E3)U ™! 4 diag(a, 0,0)
= UMdiag(EY, E3T, B (UM) ™! (4.8)

The o dependence of J is depicted in Fig.4. For Eq.(3.1),
it takes

J ~ 0.00015. (4.9)

However, 1t needs careful consideration that J drastically
changes at 0 ~ 37 /2. (m).s and J in the cases of Table
I (i) and (ii) discussed in Fig.2 are also listed in Table
IT (i) and (ii). In this paper we have discussed how far
the SO(10) two Higgs scalar model describes the quark-
lepton masses and mixing parameters. We can conclude
that this model cannot be rejected within the existing
data. It should be remarked that the whole parameters
can be decided from the existing data in principle.
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[1] K. Matsuda, Y. Koide, and T. Fukuyama, Phys. Rev.
D64 053015 (2001).

[2] K.S. Babu and R.N. Mohapatra, Phys. Rev. Lett. 70
2845 (1993); D-G Lee and R.N. Mohapatra, Phys. Rev.
D51 1353 (1995).

[3] K. Oda, E. Takasugi, M. Tanaka and M. Yoshimura,
Phys. Rev. D59 055001 (1999).

[4] B. Brahmachari and R.N. Mohapatra, Phys. Rev. D58
015001 (1998).

[5] H. Fusaoka and Y. Koide, Phys. Rev. D57, 3986 (1998).

[6] Particle Data Group, D. E. Groom et al., The European
Physical Journal C15, 1 (2000).

[7] H. Sobel for the Super-Kamiokande in Neutrino 2000,
Proceedings of the 19th International Conference on Neu-
trino Physics and Astrophysics (Sudbury, Canada, 2000),
edited by J. Law, R.W. Ollerhead, and J.J. Simpson,
Nucl. Phys. B (Proc. Suppl.) 91, 127 (2001).

[8] CHOOZ Collaboration, M. Apollonio et al., Phys. Lett.
B 466, 415 (1999).

[9] Y. Suzuki for Super-Kamiokande, in Neutrino 2000 [7],
p. 29; K. Lande et al., tbid. p. 50; V.N. Gavrin for SAGE,
thed., p. 36; E. Bellotti for GNO, ibed., p. 44.

[10] G.L. Fogli, E. Lisi, and A. Palazzo, hep-ph/0104221

[11] M. Doi, T. Kotani, and E. Takasugi, Prog. Theor. Phys.
Suppl. 83 1 (1985).

[12] H. Nishiura, K. Matsuda, and T. Fukuyama, Mod. Phys.
Lett. A 14 433 (1999)

[13] J. Hellmig, H.V. Klapdor-Kleingrothaus, Z.Phys. A 359
361 (1997); H.V. Klapdor-Kleingrothaus, M. Hirsch,
Z.Phys. A 359 382 (1997); L. Baudis et al., Phys. Rep.
307 301 (1998).

[14] E. Fiorini et al., Phys. Rep. 307 309 (1998).

[15] H. Ejiri et al., Phys. Rev. Lett. 85 2917 (2000).

[16] C. Jarlskog, Phys. Rev. lett. 55 1839 (1985);
O. W. Greenberg, Phys. Rev. D32, 1841 (1985); 1. Duni-
etz, O. W. Greenberg, and D.-d. Wu, Phys. Rev. Lett.
55, 2935 (1985); C. Hamzaoui and A. Barroso, Phys.
Lett. 154B, 202 (1985); D.-d. Wu, Phys. Rev. D33, 860
(1986).

(1) |mg4| = 4.03[eV], |ms| =76.3[eV], o =1497/100,
(Amiy)/(Amis) = 0.43, (Am3s)/(Amis) = 0.57,
sin?(2812) = 0.52, sin®(2623) = 0.91, sin®(26:3) = 0.17

(i) |mg4| = 4.03[eV], |ms| =76.3[eV], o =1467/100,
(Ami,)/(Amis) = 0.20, (Am3s)/(Amis) = 0.80,
sin?(26,2) = 0.54, sin®(2653) = 0.88, sin®(26,5) = 0.20

TABLE I. Our solution (the second and third lines) from
the input parameters (the first line). The result of (i) is ob-
tained when we move |mgy| from 4.69[eV] to 4.03[eV]. (ii) is
the result when we move |mgy| as (i) and, furthermore, o from
1497 /100 to 1467/100. These data fitting corresponds to

Fig.2.

(i) (m)ee/\/AmZ, = 1.16, (m)c/r/Am3, = 0.32,
(m)er/ V Amgs =0.09, (m} .,/ \% Amgs = 0.65,
(m)ur [/AmZ, = 0.40, (m)., [/AmZ, = 0.36,
J = 0.0091

(ii) (M)ee/\/Am3, = 0.94, (m)ey/\/Am3, = 0.36,
(m)er/ Amgs =0.16, (m} .,/ \% Amgs = 0.44,
(MYr//AmZ, = 0.23, (m)rr/\/Am3, = 0.15,
J =-0.014

TABLE II. The values of averaged neutrino masses and the
Jarlskog parameter for the case (i) and (ii) in Table I.



