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Abstract

The eigenvalues and mixing angles in the Zee model are investigated parameter-
independently. When we require |Ami,/Am3,;| < 1 in order to understand
the solar and atmospheric data simultaneously, the only solution is one which
gives bi-maximal mixing. It is pointed out that the present best-fit value of
sin? 20,4 in the MSW LMA solution cannot be explained within the frame-
work of the Zee model, because we derive a severe constraint on the value of

sin® 205010y, 8I0% 20,010, > 1 — (1/16)(Am?2,,,./Am?2, )2

solar atm
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Of the neutrino mass matrix models proposed currently, the Zee model[l] is a very
attractive one, because the model can naturally leads to a large neutrino mixing with few
parameters [2, 3, 4]. The neutrino mass matrix M, in the basis on which the charged

lepton mass matrix M, is diagonal is given by the form

where

—my) . (2)

and f,,, f.r and f.. are lepton-number violating Yukawa coupling constants with the Zee
scalar A™. Tt is known that if we consider a Zee mass matrix with a = ¢ > |b|, the model

can give a nearly bi-maximal mixing [2, 4, 5]

cos 0 —sin d 0
1 1

U, = Esin@ Ecos@ —% ) (3)
%sin@ %cos@ L

2

where

tan = \/—m,1/m,, , (4)

Ami, =m?, —my, ~ 2v2ab Amiy =m?, —miy ~ 2a* (5)
which lead to
Am?, b
—F >~ V2. 6
Am3, \/_a (©)

Furthermore, if we assume a badly broken horizontal symmetry SU(3)y and we put a
simple ansatz on the transition matrix elements in the infinite momentum frame (not on

the mass matrix), we can obtain the relations [6]
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where f is a common factor and m§ = (m.,m,, m,), so that we can predict

Am? .
S M 67 % 1078, (8)

2
Amas my,

which is in excellent agreement with the observed value (best fit value) [7, §]

~ =6.9x1072. 9
Am? 3.2 x 1073 eV? (9)

(Amgw) 22 X107 eV?
atm / exp

Thus, the Zee model is very attractive from the phenomenological point of view.
However, most authors who investigated the Zee neutrino mass matrix have failed to
give the observed value sin®20,,,. ~ 0.7 in the MSW LMA solution [9], although it
is easy to give the bi-maximal mixing (3). It is a serious problem for the Zee model
whether the model can fit the observed value sin® 26, ~ 0.7 or not. In the present
paper, from a parameter-independent study of the Zee neutrino mass matrix (1), we

conclude that the value of sin?26,,,, must satisfy a severe constraint sin®20,.,, > 1 —

(1/16)(Am?2 . /Am2, )? in the Zee model with Am? , /Am?, < 1. The similar subject
has also been discussed by Frampton and Glashow [10]. However, the constraint obtained
in the present paper is more explicit and very severe. This constraint will force us to
abandon the Zee model or to modify the original Zee model to an extended version with
some additional terms.

The mass matrix (1) is diagonalized by a unitary matrix U, as
UUTMUUU = D, = diag(my, mg, ms) . (10)

The Maki-Nakagawa-Sakata (MNS) [11] matrix Upns is given by Upyns = U, because
the charged lepton mass matrix is diagonal in the Zee model. In order to obtain the
relations among the mass matrix parameters and the mass eigenvalues, we define the

Hermitian matrix H, as

H,=MM, (11)

so that we obtain
UHHLU, = D2D, = diag(fma . [msf?, s ) (12)
The form of H, is explicitly given by
H, = Hy— Hy , (13)

where

Ho = mg(|al® + b + [e[*)1 , (14)
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—b*a —c*a |al?
and 1 is a 3 x 3 unit matrix. The matrix H; is diagonalized as
UTH\U, = diag(hy, ha, hs) (16)
and the eigenvalues h; satisfy the equation
R = (lal* + [b]* + [e[*)mgh + 4fal*[b]*|c[*mg = 0 . (17)

By re-defining mg, without losing generality, we can take |a|* + [b]* + |c|* = 1, so that the

solutions h; = maz; are described only by one parameter

la* = [al*[b[*[c]” . (18)

as

v = +4qlf =0 (19)
The equation (19) has three real solutions z; only when |¢|* < 1/27. The behaviors of the
k

solutions z; are illustrated in Fig. 1. The mass squared |m;|? is given by

Imil* = (1 —zi)mj . (20)

From Fig. 1, we find that the cases which can explain the observed fact |Am?2,/Ami,| < 1
are only the cases with |¢|* ~ 1/27 and |¢q|* ~ 0.

For the case with |¢|? ~ 1/27, by putting

2 + 2 ! + lq|? L _ o (21)
T = — £ T = — — & T = — — £ = — — &
1 3 1, ¥2 3 2, 43 3 3, |9 o7 q
and by putting (21) into the equation (19), we can obtain
€1 &y ™28, , £3 453 ) (22)
so that we obtain
AmZ,
—= ~4e, . 23
Am3, K (23)

On the other hand, from Eq. (16), we obtain
(H1/m(2))n' = |Uui1|2$1 + |Uui2|251?2 + |Uui3|2$3 . (24)
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Figure 1: The eigenvalues z; (i = 1,2, 3) versus |q|*. The solutions z; of the equation (19)
have real three values only in the range 0 < |q|* < 1/27. The values z; take (0,0,1) and
(—1/3,2/3,2/3) at |¢|> = 0 and |¢|* = 1/27, respectively. The mass eigenvalues |m;|* are

given by |m;|* = (1 — z;)mg.

For the case with |q|* ~ 1/27, Eq. (24) gives

2
(Hifmg)ii = 3~ Uvisl® + 22,10 |* = [Usia*) (25)
le.,
2 2 2
| =~ 3 Unsl* 5 Jef* ~ 3 Uas|?, af? =~ 3~ |Uyas]” . (26)
Since we know that the only solution under the conditions |a|* + |b|* 4+ [¢[* = 1 and

lal?[b]|e|* = 1/27 is |a]* ~ [b]* ~ |c|* ~ 1/3, the relations (25) yield

|U1/13|2 ~ 5 |U1/23|2 ~

1 1 1
= = U,ssl? ~ = 27

which give

4
Siﬂ2 20atm = 4|Uy23|2|Uy33|2 ~ § . (28)

The value (28) is too small to explain the observed value [7] sin? 20,;,, ~ 1.0, so that the
case with |g|* ~ 1/27 is ruled out.



Next, we investigate the case with |¢g|* ~ 0. By putting
Ty = —¢1, T2 =2¢&2, 1’3:1—53, (29)

and by putting (29) into the equation (19), we can obtain

er 2|1 —|ql) , 2 ~2|ql(1+1ql) , =5 4[q]*. (30)
so that we obtain
Ami, ~ 4lglmf , Amig ~ (1 =2|q|*)mg (31)
Am%2
——= ~4lqg| . 32
A, 4] (32)

On the other hand, form the relation (24), we obtain
(Hi/mg)ii = |Usis|* = 2lg|(|Uar|* = [Unia|*) + 2[g*(1 = 3|Uis[*) (33)
so that we obtain
(Hy/mg)e2 = |e| = [Usasl* . (Hi/mg)ss = |af* = [Uyss|* (34)

and
sin? 20,4, ~ 4|al?|e|? . (35)

Generally, the only solution of the equation zy ~ 1/4 for the positive numbers x and y
under the condition z +y < 1 is @ ~ y ~ 1/2. Therefore, the solution of the equation
sin? 20,4, = 4|U,3[*|Uyas|* ~ 1 under the condition |U,3|* + [Uyss)? =1 — [U45]* < 1is

1
|U1/23|2 ~ |U1/33|2 ~ -, |U1/13|2 ~0, (36)
2

and also the solution of the equation sin®20,:, = 4|a|*|c|* ~ 1 under the condition
la)> + |ef*=1—=1b]* < 1is

[ e

, P ~0. (37)

[N

la

The result (37) means

1
o ~ 18P (3%)

The (1,1) component of the equation (33) gives

1
b = [Us1a]* = [b](|U11 [* = [Ur2]*) + §|b|2(1 —3|U3[*) - (39)
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When we put

|Uy11|:\/1—|Uy13|2C080 5 |Uy12|:\/1—|Uy13|28iH0, (40)

we obtain
1 U2\’
sin? 20,1, ~ sin®20 ~ 1 — Z|b|2 (1 — 2| |bﬁ| ) ) (41)
where
1 Am?
b ~ solar ] 492
i 2 Am?2, (42)

A model which gives |U,13]? = 0 cannot obviously give a sizable deviation from sin® 20,,;,, =
1. However, if |U,135]* ~ |b|, then the value of sin® 20,,,, is sensitive to the value of |U,3|?.
Therefore, we must estimate the value of |U,13]* carefully.

We use the relations

3
Z(Hl/m(z))ikUukj = Uyijz; - (43)
k=1

For j = 3, we obtain

|b|2Uu13 — U, 93 — a™bU, 33 = U,y373 s (44)
—b*cU,13 + |C|25Uu23 —a"cUyss = Uygszs (45)
—b*al, 13 — c*al, 3 + |G|2Uu33 = Uysszs . (46)

By eliminating U553, we obtain the relation without any approximation

—2(1’3 —1 —|— |b|2)ba* 33

Uiz = .
P (la? e + (w5 — [bP)(xs — 1+ [b]?)

(47)

If we use the approximate expression @3 ~ 1 — 4]g|* ~ 1 — |b|?, the factor (z3 — 1 + |b|*)
becomes vanishing. Therefore, in order to estimate the factor (w3 —14]b|*) more precisely,

we use the following expression of x5 to the order of |g|?,
vy 1 —4|ql*(1 +8]q*) . (48)
Then, we can show
w3 — 14 [b ~ [b* [(lal* = |e[*)? + 7[o]"] . (49)
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JAm?2, )? we inves-

Since we know that [b]? is very small value, i.e., |b|* =~ (1/4)(Am? .

solar

tigate only the case (|a|* — |¢|*)? > |¢|*. Then, from Eq. (47), we can obtain
Ul/13 ~ —2(|Cl|2 — |c|2)ba*Uy33 5 (50)
le.
|Uns|® = (la]* — [e[*)*[o]* . (51)
On the other hand, we can show that the quantities (Am?2,/Am2,)* and sin®20,,, =

4|U,95]*|U,33|* are insensitive to the parameter (|a|* —|c|?). Therefore, from Eqs.(47) and

(51), we can obtain the following parameter-independent relation

1 2 1 Am2 ?
102 ~ 2 2\2 2 solar
sin” 20,500, >~ 1 — 1 {1 — 2(|a| — |c| ) } |b| > 1 - 6 (7mgtm ) ) (52)

where we have used [1 — 2(]al* — [¢]*)?]* < 1.

The constraint (52) cannot be loosened even if we consider the renormalization group
equation (RGE) effects. The mass matrix form (1) is given by the radiative diagrams at
the low energy scale, where the charged lepton mass matrix is given by the diagonal form.
Although the coupling constants f;; given in Eq. (2) are affected by the RGE, since our
conclusion (52) is independent of the explicit values of the parameters a, b and ¢ in Eq. (1),
the conclusion (52) cannot be loosen even by taking RGE effects into consideration. Also,
we must take two-loop effects into consideration, because the matrix form (1) is based
on only the one-loop radiative mass diagrams and the two-loop diagrams can contribute
to the diagonal elements of M, as pointed by Chang and Zee [12]. However, we can
see that it is hard that such a two-loop diagrams give so sizable contributions to the
diagonal elements of M, unless introducing a new scalar. For example, of the two-loop
diagrams given in Ref.[12], Figs.3 (a) and (¢) include a neutrino internal-line sandwiched
by Zee and Yukawa vertexes, so that those diagrams give contributions proportional to
m,. Although another two-loop diagram Fig.3 (b) has neutrino internal-line sandwiched
by two Zee vertexes (therefore, the factor m, does not appear), the contribution to (M, );;
become vanishing because of 3=, ; fix fi;fii = 0. Therefore, the severe constraint (52) is
still valid even if we take two-loop diagrams into consideration. However, note that if
the mass matrix (1) is not due to the Zee mechanism, but due to a seesaw mechanism,
M, ~ —mLMﬁlmf, the form of M, will be changed by the RGE effects.

Therefore, we can conclude that when we require Am? , /Am?2, < 1 for the Zee
model, although we can give sin? 20,,, ~ 1, but, at the same time, the value of sin® 20, ,,

must also be highly close to one. On the other hand, in contrast to the theoretical bound
(52), the best fit value of sin® 20,4, is

sin? 205010, =~ 0.66 (53)



for the MSW LMA solution [9]. The prediction sin®26,.,, ~ 1.0 is in poor agreement
with the observed data (in the outside of the region 99% C.L.). Of course, the value (53)
is a best-fit value, and it does not mean that the Zee model is ruled out. However, if
the data in future exclude the value sin®20,,,, ~ 1.0 completely, we will be forced to
abandon the Zee model, at least, for the MSW LMA solution. At present, if we still
adhere to the Zee model, the only solution which we should take is the Just So® solution
[13] with sin? 20,10, >~ 1.0. However, the Just So? solution does not always the best one
of the possible candidates (the best fit solutions) at present (for example, the MSW LMA
solution gives y2 . = 29.0, while the Just So? solution y2. = 36.1 [9]).

In conclusion, we have investigated the Zee neutrino mass matrix (1) parameter-
independently. When we require that the value Am?, /Am?, = Ami,/Am3, should
be very small, the possible solutions are only two cases with |g|* = |a|*|b|*|c|* ~ 1/27 and
lq|* ~ 0 where |a|? + [b]* + |¢|* = 1. The case with |q|* ~ 1/27 leads to sin® 20, ~ 4/9,
so that the case is ruled out. The case with |¢|? ~ 0 leads not only to sin®28,,, ~ 1,
but also to sin® 20,0, > 1 — (1/16)(Am?,,,, /Am?2, )% The prediction sin® 20,1, ~ 1.0
is in poor agreement with the observed data. However, in spite of such a problem, the
Zee model is still attractive to us, because the model can naturally lead to a nearly bi-
maximal mixing. Therefore, we would like to expect that the problem will be overcome by
some future modification of the original Zee model. For examples, the following attempts
will be promising: introducing a new doubly charged scalar k% in order to obtain sizable
two-loop contributions [14], and introducing right-handed neutrinos in order to additional

mass terms, and embedding the original Zee model into an R-parity violating SUSY model

[15] and into an R-parity conserving SUSY model [16], and so on.
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