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Abstract

In the so-called “yukawaon” model, the (effective) Yukawa coupling constants Y eff
f are

given by vacuum expectation values (VEVs) of scalars Yf (yukawaons) with 3×3 components.
In the present model, all of the VEV matrices ⟨Yf ⟩ are given by a bilinear form of VEVs of
flavons Φf , ⟨Yf ⟩ j

i = kf ⟨Φf ⟩ik⟨Φ̄f ⟩kj , where Φf is assigned to 6 of U(3) family symmetry.
As input parameters with family-number dependent values, we use only charged lepton mass
values. Under this formulation, we can give reasonable values of quark and lepton masses
and their mixings. A CP violating phase δℓ

CP = 26◦ in the lepton sector is predicted. The
effective Majorana neutrino mass is also predicted.

PCAC numbers: 11.30.Hv, 12.15.Ff, 14.60.Pq, 12.60.-i,

1 Introduction

It is an interesting subject in the particle physics to investigate whether the observed
hierarchical mass spectra and mixings of quarks and leptons result from a single origin or not. In
this paper, we try to describe quark and lepton mass matrices by using only the observed values of
charged lepton masses (me, mµ,mτ ) as input parameters with family-number dependent values,
and thereby, we investigate whether we can describe all other observed mass spectra (quark and
neutrino mass spectra) and mixings (the Cabibbo-Kobayashi-Maskawa [1] (CKM) mixing and
the Pontecorvo-Maki-Nakagawa-Sakata [2] (PMNS) mixing) without using any other family-
number dependent parameters. Here, terminology “family-number independent parameters”
means, for example, coefficients of a unit matrix 1, a democratic matrix X3, and so on, where

1 =

 1 0 0
0 1 0
0 0 1

 , X3 =
1
3

 1 1 1
1 1 1
1 1 1

 . (1.1)

On the other hand, terminology “family-number dependent parameter” means, for example,
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Table 1: Contrast of VEV relations in present yukawaon model to those in the previous yukawaon
model [4]. For simplicity, notations “⟨” and “⟩” are drop.

Previous Present

Ye = keΦ0(1 + aeX3)Φ0 , Ye = keΦeΦe ,
Φe = k′

eΦ0(1 + aeX3)Φ0 ,
Yν = kνΦ0(1 + aνX2)Φ0 , Yν = kνΦνΦν + ξν1 ,

Φν = k′
νΦ0(1 + aνX3)Φ0 ,

Yu = kuPuΦuΦuP †
u, Yu = kuΦuΦu + ξu1,

Φu = k′
uΦ0(1 + auX3)Φ0 , PuΦuPu = k′

uΦ0(1 + auX3)Φ0 ,
Yd = kdΦdΦd, Yd = kdΦdΦd,
Φd = k′

dΦ0(1 + adX3)Φ0 + ξd1 , Φd = k′
dΦ0(1 + adX3)Φ0 + ξ′d1 ,

Mν = [YνY
−1
R Yν ]2, Mν = YνY

−1
R Yν ,

YR = YeΦu + ΦuYe, YR = YeΦu + ΦuYe,

coefficients of

13 =

 0 0 0
0 0 0
0 0 1

 , X2 =
1
2

 1 1 0
1 1 0
0 0 0

 . (1.2)

For such our purpose, in this paper, the investigation is done on the bases of the so-called
yukawaon model [3, 4]. Here, the (effective) Yukawa coupling constants Y eff

f are given by
vacuum expectation values (VEVs) of scalars Yf (yukawaons) with 3 × 3 components

(Y eff
f ) j

i =
yf

Λ
⟨(Yf ) j

i ⟩ (f = u, d, ν, e), (1.3)

where Λ is a scale of the effective theory. The conception of “yukawaons” are summarized as
follows: (i) Yukawaons are a kind of flavons [5]. (ii) Those are singlets under the conventional
gauge symmetries. (iii) Since yukawaons are fields, we can consider a non-Abelian family sym-
metry G by assigning suitable quantum numbers to Yf . (In the present paper, we will assume
G=U(3).) (iv) The VEV forms are described by 3 × 3 matrices. (v) Each yukawaon is dis-
tinguished from others by R charges. (vi) VEV matrix relations are calculated from SUSY
vacuum conditions. The relations are given by multiplicative forms among VEV matrices (e.g.
MR = M

1/2
u Me + MeM

1/2
u , and so on), differently from the conventional family symmetry mod-

els, in which mass matrix form is given by forms of additions (e.g. M = c1M1 + c2M2 + · · · ).
(vii) The VEV matrix ⟨Yf ⟩ also evolves after the family symmetry breaking in the same way
that a conventional Yukawa coupling constant in the standard model (SM) evolves.

2



In order to see differences between the new model and the previous yukawaon model [4],
we have listed the VEV relations of flavons in the present model in comparison to those in the
previous yukawaon model in Table 1. Here, the VEV matrices Ye, Yν , Yu and Yd correspond to
charged lepton mass matrix Me, neutrino Dirac mass matrix MD, up-quark mass matrix Mu,
and down-quark mass matrix Md, respectively. For simplicity, we have dropped family indices
although we consider family symmetries U(3)×U(3)′. Also, notations “⟨” and “⟩” were drop for
simplicity.

VEV relations of flavons in the previous yukawaon model
Prior to describing of a new yukawaon model, let us give a brief review of the previous

yukawaon model [4]. The essential VEV relations of flavons in the previous yukawaon model
are listed in the left row in Table 1. As seen in Table 1, the previous yukawaon model has the
following characteristics: (i) When we regard the form Φ0(1 + afX3)Φ0 (Φ0 is a diagonal VEV
matrix) as one unit, Yu and Yd take bilinear forms, while Ye and Yν are not so. (ii) Since ae ̸= 0,
the VEV matix Ye is not diagonal. In an earlier version [6] of the yukawaon model, the VEV
matrix Ye was given by a bilinear form Ye = ΦeΦe (Φe corresponds to Φ0 in the previous model
[4]), and thereby, a charged lepton mass relation [7]

K =
me + mµ + mτ√

me + √
mµ +

√
mτ )2

=
2
3
, (1.4)

was speculated by considering a VEV matrix relation Tr[ΦeΦe] = 2
3Tr[Φe]Tr[Φe]. However, since

the VEV natrux Ye in the previous model do not take such a bilinear form, we cannot speculate
the mass relation (1.4). The explanation of the formula (1.4) was one of the motivations of the
yukawaon model. (iii) The matrix Yν contains the family-number dependent VEV matrix form
X2 which is defined in Eq.(1.2). The VEV matrix X2 was brought in the model together with the
unwelcome condition ae ̸= 0 in order to give the observed large neutrino mixing sin2 2θ13 ≃ 0.09
[8]. However, our goal is a model without such a VEV matrix X2. (iv) Neutrino mass matrix Mν

was given by a double seesaw form (the so-called “inverse seesaw” form [9]) Mν = (YνY
−1
R Yν)2,

where Yν and YR are Dirac and Majorana neutriono mass matrices, respectively. The form was
requested in order to give a reasonable ratio of neutrino squared mass difference, Rν , which is
defined in Eq.(3.14) later.

VEV relations of flavons in the present yukawaon model
The essential VEV relations of flavons in the present yukawaon model are listed in the

right row in Table 1. The new model has the following characteristics: (i) VEV matrices of all
yukawaons have the same family structure, while, in the previous yukawaon model, those were
taken different forms for individual sectors. (ii) In the previous model, Ye was not diagonal.
However, in the new model, we succeed in building a model with ae = 0, i.e. a charged lepton
mass matrix with a diagonal form. In the new model, the VEV matrix Φe is diagonal, and given
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by
Φe = k′

ediag(m1/2
e ,m1/2

µ ,m1/2
τ ). (1.5)

Therefore, we again has a possibility that the model leads to a charged lepton mass relation
(1.4). (However, in this paper, we do not discuss the details.) (iii) In the previous model, in
order to give a large value of lepton mixing parameter sin2 2θ13 ≃ 0.09, we were obligated to
bring an unwelcome VEV form Yν , i.e. a family-number dependent form Yν = Φ0(1 + aνX2)Φ0.
In contrast to the previous model, the present model has succeeded in removing such the family-
number dependent VEV matrix form X2, and in unifying VEV matrix forms Φf into the form
Φf = Φ0(1 + afX3)Φ0. (iv) Neutrino mass matrix is again simply taken as Mν = YνY

−1
R Yν

differently from Mν = YνY
−1
R Yν · YνY

−1
R Yν in the previous model.

We would like to emphasize that the purpose of the yukawaon model is to build a unified
mass matrix model of quarks and leptons without introducing family-dependent parameters (as
few as possible) except for the input values (me,mµ,mτ ). It is not our main purpose to build
a model with economized parameters. Differently from conventional mass matrix model with a
universal form (for a recent model, see, for example, Ref.[10]), we do not adhere to a universal
form of mass matrices. In this paper, we propose a universal bilinear form of quark and lepton
mass matrices. However, it is a by-product of our purpose, and our purpose itself is not to
obtain a universal form of mass matrices.

In Sec.2, we will give details of the VEV matrix relations and superpotentials which give
such VEV relations. In the yukawaon model, R charge assignments are essential for obtaining
successful phenomenological results. Although we assign R charges from the phenomenological
point of view, the assignments cannot be taken freely. We must take the assignments so that
they may forbid appearance of unwelcome terms. The details are also discussed in Sec.2. In
Sec.3, we give a parameter fitting under the new yukawaon model. Finally Sec.4 is devoted to
a summary and concluding remarks.

2 Superpotential and VEV matrix relations

We assume that a would-be Yukawa interaction which is invariant under a family symmetry
U(3) is given as follows:

WY =
yν

Λ
(νc)i(Ŷ T

ν ) j
i ℓjHu +

ye

Λ
(ec)i(Ŷe)

j
i ℓjHd + yR(νc)i(YR)ij(νc)j

+
yu

Λ
(uc)i(Ŷu) j

i qjHu +
yd

Λ
(dc)i(Ŷd)

j
i qjHd, (2.1)

where ℓ = (νL, eL) and q = (uL, dL) are SU(2)L doublets. The third term in Eq.(2.1) leads to
the so-called neutrino seesaw mass matrix [11] Mν = ŶνY

−1
R Ŷ T

ν , where Ŷν and YR correspond to
neutrino Dirac and Majorana mass matrices, respectively. Here and hereafter, for convenience,
we use notation Â, A and Ā for fields with 8 + 1, 6 and 6∗ of U(3), respectively.
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In order to distinguish each yukawaon from others, we assume that Ŷf have different R

charges from each other together with considering R charge conservation (a global U(1) sym-
metry in N = 1 supersymmetry). (Of course, the R charge conservation is broken at an energy
scale Λ, at which the U(3) family symmetry is broken.) For R parity assignments, we inherit
those in the standard SUSY model, so R parities of yukawaons Yf (and all flavons) are the same
as those of Higgs particles (i.e. PR(fermion) = −1 and PR(scalar) = +1), while quarks and
leptons are assigned to PR(fermion) = +1 and PR(scalar) = −1.

VEV relations among those yukawaons are obtained from SUSY vacuum conditions for
superpotentials as we give later. Here, we need to introduce subsidiary flavons which have
special VEV forms:

⟨E⟩ = 1, ⟨Ē⟩ = 1, (2.2)

⟨Pu⟩ = diag(eiϕ1 , eiϕ2 , 1), ⟨P̄u⟩ = diag(e−iϕ1 , e−iϕ2 , 1), (2.3)

⟨Φ0⟩ = diag(x1, x2, x3), ⟨Φ̄0⟩ = diag(x1, x2, x3), (2.4)

⟨Sf ⟩ = (1 + afX3) , ⟨S̄f ⟩ = (1 + afX3) , (2.5)

where we have dropped flavor-independent factors in those VEV matrices, because we deal with
only mass ratios and mixings in this paper. The forms (2.4) and (2.5) are discussed later.
(In (2.4) and (2.5), we have introduced another symmetry U(3)′ in addition to the U(3) flavor
symmetry.)

2.1 VEV forms of flavons E, Ē, Pu, and P̄u

For flavons E and Ē, we consider the following superpotential:

WE = λ1ETr[EĒEĒ] + λ2ETr[EĒ]Tr[EĒ], (2.6)

where we have taken R charges such that

R(E) + R(Ē) = 1. (2.7)

The SUSY vacuum condition leads to

⟨E⟩⟨Ē⟩ = 1. (2.8)

We choose a special solution of Eq.(2.8),

⟨E⟩ = ⟨Ē⟩ = 1. (2.9)

For Pu and P̄u, we also consider the following superpotential form

WP =
λ1P

Λ
Tr[PuP̄uPuP̄u] +

λ2P

Λ
Tr[PuP̄u]Tr[PuP̄u], (2.10)
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where we have taken R charges as

R(Pu) + R(P̄u) = 1. (2.11)

The SUSY vacuum condition leads to

⟨Pu⟩⟨P̄u⟩ = 1. (2.12)

In general, it should be noted that for VEV matrices ⟨A⟩ and ⟨Ā⟩ under the D-term condition,
we can choose either one in two cases

⟨Ā⟩ = ⟨A⟩∗, (2.13)

⟨Ā⟩ = ⟨A⟩. (2.14)

We apply the case (2.13) to the VEV matrices ⟨Pu⟩ and ⟨P̄u⟩. Then, we obtain (2.3).

2.2 Superpotential forms of yukawaons Ŷf and sub-yukawaons Φf

Let us consider a superpotential for Ŷf (f = ν, e, u, d),

WŶ =
∑

f=ν,e,u,d

[(
µf (Ŷf ) j

i + λf (Φf )ik(Φ̄f )kj
)

(Θ̂f ) i
j +

(
µ′

f (Ŷf ) i
i + λ′

f (Φf )ik(Φ̄f )ki
)

(Θ̂f ) j
j

]
.

(2.15)
Then, a SUSY vacuum condition ∂WŶ /∂Θ̂f = 0 leads to VEV relation

⟨Ŷf ⟩ = ⟨Φf ⟩⟨Φ̄f ⟩ + ξf1, (2.16)

where ξf = Tr
[
[⟨Ŷf ⟩ + ⟨Φf ⟩⟨Φ̄f ]⟩

]
. Here and hereafter, according to conventional yukawaon

models, we have assume that all VEV matrices of the Θ flavons take ⟨Θ⟩ = 0. Therefore, SUSY
vacuum conditions for other flavons do not bring any additional VEV relation.

Note that the appearance of ξf1 terms in Eq.(2.16) is peculiar to the Θ̂ fields. If Θ fields
have been 6 or 6∗ of U(3), such a ξf1 would not be able to appear. Meanwhile, as shown in Table
1, we have taken ξe = ξd = 0. The reason is purely based on a phenomenological requirement.
(See the next section.)

For Φe and Φν , we assume a superpotential

WΦe,Φν =
∑

f=e,ν

(
µf (Φf )ij + λf (Φ0)iα(S̄f )αβ(ΦT

0 )βj

)
(Θ̄f )ji, (2.17)

which lead to
⟨Φf ⟩ = ⟨Φ0⟩⟨S̄f ⟩⟨ΦT

0 ⟩ (f = e, ν), (2.18)
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where Φ0 and Sf are new flavons which belong to (3,3) and (1,6∗) of U(3)×U(3)′, respectively.
The VEV form of Φ0 is given by Eq.(2.4). In general, we can choose the flavor basis such that
⟨Φ0⟩ is diagonal. As we discuss later, since we take ae = 0, we can denote Eq.(2.4) as

⟨Φ0⟩ = ⟨Φ̄0⟩ = diag(x1, x2, x3) = diag(m1/4
e ,m1/4

µ ,m1/4
τ ), (2.19)

from the D-term condition, where xi are real and those are normalized as x2
1 +x2

2 +x2
3 = 1. The

VEV form of Sf is given by Eq.(2.5). We consider that the form (2.5) is due to a symmetry
breaking U(3)′ → S3 at µ = Λ′. (Of course, we assume a superpotential similar to (2.17) for the
flavons Φ̄f .

On the other hand, for Φu, we assume a form

WΦu =
1
Λ

(
λ1u(P̄u)ik(Φu)kl(P̄u)lj + λ2u(Φ̄0)ik(Su)kl(Φ̄T

0 )lj
)

(Θu)ji, (2.20)

which leads to
⟨P̄u⟩⟨Φu⟩⟨P̄u⟩ = ⟨Φ̄0⟩⟨Su⟩⟨Φ̄T

0 ⟩. (2.21)

In order to obtain ξ′d1 term for Φd as shown in Table 1, we assume the following superpo-
tential

WΦd =
λ1d

Λ
Tr[ĒΦdĒΘd] +

λ2d

Λ
Tr[Φ̄0SdΦ̄T

0 Θd] +
λ3d

Λ
Tr[ĒΦd]Tr[ĒΘd], (2.22)

which leads to
⟨Ē⟩⟨Φd⟩⟨Ē⟩ = ⟨Φ̄0⟩⟨Sd⟩⟨Φ̄T

0 ⟩ + ξ′d⟨Ē⟩, (2.23)

where ξ′d = (λ3d/λ1d)Tr[⟨Ē⟩⟨Φd⟩]. We can also consider a superpotential for Φ̄d accompanied
with ξ′d1.

Note that in Eq.(2.22) we have added the λ3d term to the λ1d and λ2d terms which cor-
respond to the λ1u and λ2u terms in the superpotential WΦu, Eq.(2.20). If we have consid-
ered a λ3u term in WΦu as well as the λ3d term in WΦd, we would obtain ⟨P̄u⟩⟨Φu⟩⟨P̄u⟩ =
⟨Φ̄0⟩⟨Su⟩⟨Φ̄0⟩+ ξ′u⟨P̄u⟩ with a complex coefficient ξ′u ∝ Tr[⟨P̄u⟩⟨Φu⟩] instead of Eq.(2.21). Then,
not only the CKM parameters, but also the up-quark mass ratios and the PMNS parameters
become dependent on the phase parameters (ϕ1, ϕ2). We assume that the contribution from the
λ3u term is negligibly small from the practical reason for parameter fitting in the next section.

For YR, we assume a superpotential form

WR =
[
µR(YR)ij + λR

(
(Ŷe) k

i (Φu)kj + (Φu)ik(Ŷ T
e )k

j

)]
(Θ̄R)ji, (2.24)

which reads to
⟨YR⟩ = ⟨Ŷe⟩⟨Φu⟩ + ⟨Φu⟩⟨Ŷ T

e ⟩. (2.25)

The VEV relations described above have been derived dependently on the assignments of R

charges for the flavons. The R charge assignments are discussed in the next subsection. In the
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meanwhile, we list the assignments of SU(2)L×SU(3)c×U(3)×U(3)′ for the fields which appear
in the present model in Table 2. As seen in Table 2, the existence number of fields with 3 and 3∗

(and also 6 and 6∗) of U(3)-family (and also U(3)′) are the same, so that the model are anomaly
free.

2.3 R charge assignments
In this model, the existence number of flavons is larger than that of VEV relations. There-

fore, in general, we can uniquely determine R charges of flavons. Since we make a request to
assign R charges as simple as possible, we put the following rules:
(i) We assign the same R charge to flavons A and Ā with the same VEVs, ⟨A⟩ = ⟨Ā⟩, e.g.

R(E) = R(Ē) = 1
2 ≡ rE ,

P (Φ0) = R(Φ̄0) ≡ r0,

P (Φf ) = R(Φ̄f ) ≡ rf .

(2.26)

Note that we consider R(Pu) ̸= R(P̄u) because of ⟨Pu⟩ ̸= ⟨P̄u⟩. Therefore, we obtain relations
R(Su) = ru + 2r̄P − 2r0 and R(S̄u) = ru + 2rP − 2r0, separately. On the other hand, we take
the option (2.14) for ⟨Φν⟩, which contains a cmplex parameter aν as seen in the next section.
Therefore, we take ⟨Φν⟩ = ⟨Φ̄ν⟩, so that R(Φν) = R(Φ̄ν) = rν . Then, R(Ŷf ) is simply given by

R(Ŷf ) = 2R(Φf ) = 2rf (f = e, ν, d, u), (2.27)

from Eq.(2.16).
(ii) We can regard that R charges of Ŷf are determined only by those of the SU(2)L singlet
fermions f c. Therefore, we simply assign

R(ℓHu) = R(ℓHd) = R(qHu) = R(qHd) = 2. (2.28)

(Since those have different quantum number of U(1)Y , we can distinguish those from each other.)
Then, we obtain a simple R charge relation

R(Ŷf ) = −R(f c). (2.29)

For YR, we obtain

R(YR) = 2 − 2R(νc) = 2 − 2
(
2 − R(ℓHu) − R(Ŷν)

)
= 2 + 2R(Ŷν), (2.30)

from Eqs.(2.1) and (2.28). On the other hand, from Eq.(2.24), R(YR) must be satisfied a relation

R(YR) = R(Φu) + R(Ŷe). (2.31)

If we consider R(Ŷf ) = 0, then we can attach the field Ŷf on any term in superpotential.
Therefore, we require R(Ŷf ) ̸= 0 for any f = e, ν, d, u. Also, we have to require R(Ŷf Ŷf ′) ̸= 0
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Table 2: Assignments of SU(2)L×SU(3)c×U(3)×U(3)′. For R charges, see subsection 2.3. We
assign the same R charges for flavons A and Ā which have the same VEV ⟨A⟩ = ⟨Ā⟩, e.g.
R(A) = R(Ā). However, since R(Pu) ̸= R(P̄u) because of ⟨Pu⟩ ̸= ⟨P̄u⟩, we have R(Su) ̸= R(S̄u)
and R(Θu) ̸= R(Θ̄u), i.e. rSu = 2r̄P + ru − 2r0, r̄Su = 2rP + ru − 2r0, rΘu = 2 − 2r0 − rSu, and
r̄Θu = 2 − 2r0 − r̄Su.

ℓ ec νc q uc dc Hu Hd Ŷe Ŷν Ŷu Ŷd

SU(2)L 2 1 1 2 1 1 2 2 1 1 1 1
SU(3)c 1 1 1 3 3∗ 3∗ 1 1 1 1 1 1

U(3) 3 3∗ 3∗ 3 3∗ 3∗ 1 1 8 + 1 8 + 1 8 + 1 8 + 1
U(3)′ 1 1 1 1 1 1 1 1 1 1 1 1

R 2 −2re −2rν 2 −2ru −2rd 0 0 2re 2rν 2ru 2rd

YR Φ̄e Φe Φ̄ν Φν Φ̄u Φu Φ̄d Φd P̄u Pu Φ0 Φ̄0

1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1

6 6∗ 6 6∗ 6 6∗ 6 6∗ 6 6∗ 6 3 3∗

1 1 1 1 1 1 1 1 1 1 1 3∗ 3

rR re re rν rν ru ru rd rd 1 − rP rP r0 r0

Se S̄e Sν S̄ν Su S̄u Sd S̄d

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1
6 6∗ 6 6∗ 6 6∗ 6 6∗

re − 2r0 rν − 2r0 rSu r̄Su rd + 1 − 2r0

E Ē Θ̂e Θ̂ν Θ̂u Θ̂d Θ̄R

1 1 1 1 1 1 1
1 1 1 1 1 1 1

6 6∗ 8 + 1 8 + 1 8 + 1 8 + 1 6∗

1 1 1 1 1 1 1
1
2

1
2 2 − 2re 2 − 2rν 2 − 2ru 2 − 2rd 2 − 2rR

ΘΦe Θ̄Φe ΘΦν Θ̄Φν ΘΦu Θ̄Φu ΘΦd Θ̄Φd

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

6 6∗ 6 6∗ 6 6∗ 6 6∗

1 1 1 1 1 1 1 1

2 − re 2 − rν rΘu r̄Θu 1 − rd
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for any combination of f and f ′. As a result, we have to consider that whole R values of Ŷf

are positive. Therefore, we speculate that the values of R will be describe by simple integers, so
that, by way of trial, let us put(

R(Ŷν), R(Ŷu), R(Ŷe), R(Ŷd)
)

= (1, 2, 3, 4). (2.32)

Then, the assignments (2.32) give

R(YR) = 2 + 2rν = 2 + 2 = 4,

R(Φu) + R(Ŷe) = ru + 2re = 1 + 3 = 4,
(2.33)

so that the requirement (2.31) is satisfied. Note that, thus, the simple assignment of R, Eq.(2.32),
guarantees the existence of the flavon interaction term (2.24), which plays a very important role
in giving the peculiar form of neutrino Majorana mass matrix.

3 Parameter fitting

3.1 How many parameters?
We summarize our mass matrices Mf as follows:

Me = [Φ0(1 + aeX3)Φ0]2 + ξe1 (ae = 0, ξe = 0), (3.1)

MD = [Φ0(1 + aνe
iανX3)Φ0]2 + ξν1, (3.2)

Mu = Pu

(
[Φ0 (1 + auX3)Φ0]2 + ξu1

)
P ∗

u , (3.3)

Md =
[
Φ0 (1 + adX3) Φ0 + ξ′d1

]2
, (3.4)

Mν = MDY −1
R MD, YR = YeΦu + ΦuYe. (3.5)

Here, for convenience, we have dropped the notations “⟨” and “⟩”. Since we are interested only
in the mass ratios and mixings, we use dimensionless expressions Φ0 = diag(x1, x2, x3) (with
x2

1 + x2
2 + x2

3 = 1), Pu = diag(eiϕ1 , eiϕ2 , 1), and E = 1 = diag(1, 1, 1). Therefore, the parameters
ae, aν , · · · are re-defined by Eqs.(3.1)-(3.5).

Meanwhile, we require “economy of the number of parameters”. Namely, we neglect pa-
rameters which play no essential roles in numerical fitting to the mixings and mass ratios as far
as possible. In the present model, we assume that the parameters ae, au and ad are real, while
aν is complex. So that we have denoted the parameter aν as aνe

iαν in Eq.(3.2). We also assume
that the parameters ξf (f = e, u, and ν) and ξ′d are real. We consider that the charged lepton
sector is the most fundamental flavor scheme, and the charged lepton mass matrix should take
the most simple form. Therefore, we assume ae = 0 and ξe = 0 in Eq.(3.1). Then, the parameter
values x1/x2 and x2/x3 are fixed by the charged lepton masses as

x1

x2
=

(
me

mµ

)1/4

,
x2

x3
=

(
mµ

mτ

)1/4

. (3.6)
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So we obtain
(x1, x2, x3) = (0.115144, 0.438873, 0.891141), (3.7)

where we have normalized xi as x2
1 + x2

2 + x2
3 = 1.

Therefore, in the present model, except for the parameters (x1, x2, x3), we have 9 adjustable
parameters, (aν , αν , ξν), (au, ξu), (ad, ξ

′
d), and (ϕ1, ϕ2) for the 16 observable quantities (6 mass

ratios in the up-quark-, down-quark-, and neutrino-sectors, four CKM mixing parameters, and
4+2 PMNS mixing parameters). Especially, quark mass matrices Mu and Md are fixed by
two parameters (au, ξu) and (ad, ξ

′
d), respectively. (Note that those parameters are family-

number independent parameters.) Therefore, in oder to fix those parameters, we use two input
values, up-quark mass ratios (mu/mc,mc/mt) and down-quark mass ratios (md/ms,ms/mb),
respectively, as we discuss in the next subsection 3.2. After the parameters (au, ξu) and (ad, ξ

′
d)

have been fixed by the observed quark mass rations, we have five parameters (aν , αν , ξν) and
(ϕ1, ϕ2) as remaining free parameters. Processes for fitting those five parameters are listed in
Table 3. In subsection 3.3, we discuss PMNS mixing (sin2 2θ12, sin2 2θ23, and sin2 2θ13) and
neutrino mass ratio (Rν ≡ ∆m2

21/∆m2
32) by adjusting three parameters (aν , αν , ξν). Also, in

subsection 3.4, we discuss four CKM mixing parameters, |Vus|, |Vcb|, |Vub| and |Vtd|, by adjusting
two parameters (ϕ1, ϕ2).

Note that the purpose of the present paper is not to compete with other models for reducing
parameter number in the model, but to investigate whether it is possible or not to fit all of the
mixing parameters and mass ratios without using any family number dependent parameters
when we use only the observed charged lepton masses as family dependent parameters. If we
pay attention only to fitting of mixing parameters, a model with fewer number of parameters
based on quark-lepton complementarity [12] is rather excellent compared with the preset model.
(For such a recent work, see, for example, Ref.[13] and references there in.)

3.2 Quark mass ratios
From the observed values [14]

ru
12 ≡

√
mu

mc
= 0.045+0.013

−0.010, ru
23 ≡

√
mc

mt
= 0.060 ± 0.005, (3.8)

at µ = mZ [14], we fix values of (au, ξu). We find four solutions of (au, ξu) which can give the
values (3.8). Only one solution

(au, ξu) = (−1.467,−0.001467), (3.9)

can give a reasonable prediction of the PMNS mixing as we discuss later.
From the observed down-quark mass ratios [14]

rd
12 ≡ md

ms
= 0.053+0.005

−0.003, rd
23 ≡ ms

mb
= 0.019 ± 0.006, (3.10)
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Table 3: Process for fitting parameters. Nparameter and Ninput denote a number of free parame-
ters in the model and a number of observed values which are used as inputs in order to fix these
free parameters, respectively.

∑
N... means

∑
Nparameter or

∑
Ninput

Step Inputs Ninput Parameters Nparameter Predictions

1st me/mµ, mµ/mτ 2 x1/x2, x2/x3 2 —
mu/mc, mc/mt 2 au, ξu 2 —
md/ms, ms/mb 2 ad, ξ′d 2 —

2nd sin2 2θ12, sin2 2θ23, Rν 3 ξν , aν , αν 3 sin2 2θ13, δℓ
CP

2 Majorana phases, mν1
mν2

, mν2
mν3

3rd |Vcb|, |Vub| 2 (ϕ1, ϕ2) 2 |Vus|, |Vtd|, δq
CP

option ∆m2
32 mν3 (mν1,mν2,mν3), ⟨m⟩∑

N... 11 11

we determine the parameters (ad, ξ
′
d) as follows:

(ad, ξ
′
d) = (−1.477, +0.0237). (3.11)

3.3 PMNS mixing
The observed values [15] are

sin2 2θ12 = 0.857 ± 0.024,

sin2 2θ23 > 0.95,
(3.12)

Rν ≡ ∆m2
21

∆m2
32

=
m2

ν2 − m2
ν1

m2
ν3 − m2

ν2

=
(7.50 ± 0.20) × 10−5 eV2

(2.32+0.12
−0.08) × 10−3 eV2

= (3.23+0.14
−0.19) × 10−2. (3.13)

First, we fix the parameter ξν as ξν = −0.020 so as to reproduce reasonable values (3.12)
and (3.13). Next, we determine the parameter values of (aν , αν , ξν) as follows:

(aν , αν , ξν) = (3.53, 8.7◦,−0.020). (3.14)

Here the values of (aν , αν , ξν) in Eq. (3.14) are obtained so as to reproduce the observed values
of the PMNS mixing angles and Rν . We show the aν and αν dependences of the PMNS mixing
parameters sin2 2θ12, sin2 2θ23, sin2 2θ12, and Rν in Fig. 1(a) and Fig. 1(b), respectively. It is
found that Rν is very sensitive to aν .
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Figure 1: (a): αν dependence of the lepton mixing parameters sin2 2θ12, sin2 2θ23, sin2 2θ13, and
the neutrino mass squared difference ratio Rν . We draw curves of those as functions of αν for
the case of ξν = −0.20 with taking aν = −3.5 (dotted), −3.53 (solid), and −3.56 (dashed). (b):
aν dependence of the lepton mixing parameters sin2 2θ12, sin2 2θ23, sin2 2θ13, and the neutrino
mass squared difference ratio Rν . We draw curves of those as functions of aν for the case of
ξν = −0.20 with taking αν = 7.0◦ (dotted), 8.7◦ (solid), and 10◦ (dashed).

3.4 CKM mixing
Next, we discuss quark sector. Since the parameters (au, ξu) and (ad, ξ

′
d) have been fixed

by the observed quark mass rations, the CKM mixing matrix elements |Vus|, |Vcb|, |Vub|, and
|Vtd| are functions of the remaining two parameters ϕ1 and ϕ2. In Fig. 2, we draw allowed
regions in the (ϕ1, ϕ2) parameter plane which are obtained from the observed constraints of the
CKM mixing matrix elements shown in Eq. (3.15), with taking ξu = −0.001467, au = −1.467,
ad = −1.477, and ξ′d = 0.0237. As shown in Fig. 2, all the experimental constraints on CKM
parameters are satisfied by fine tuning the parameters ϕ1 and ϕ2 around

(ϕ1, ϕ2) = (21.8◦,−4.9◦). (3.15)

Here we have used the observed values [15]

|Vus| = 0.22534 ± 0.00065,

|Vcb| = 0.0412+0.0011
−0.0005,

|Vub| = 0.00351+0.00015
−0.00014,

|Vtd| = 0.00867+0.00029
−0.00031.

(3.16)

3.5 Neutrino masses and leptonic Dirac CP violating phase
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Figure 2: Allowed region in the (ϕ1, ϕ2) parameter plane obtained by the observed values of the
CKM mixing matrix elements |Vus|, |Vcb|, |Vub|, and |Vtd|. We draw allowed regions obtained
from the observed constraints of the CKM mixing matrix elements shown in Eq. (3.15), with
taking ξu = −0.001467, au = −1.467, ad = −1.477, and ξ′d = 0.0237. Here we take 2σ errors
for all the observed values of the CKM mixing matrix elements. We find that the parameter
set arround (ϕ1, ϕ2) = (21.8◦,−4.9◦) indicated by a star (⋆) is consistent with all the observed
values.

We can predict neutrino masses, for the parameters given by (3.9) and (3.14), as follows

mν1 ≃ 0.00040 eV, mν2 ≃ 0.00890 eV, mν3 ≃ 0.0501 eV, (3.17)

by using the input value [16] ∆m2
32 ≃ 0.00241 eV2.

We also predict the effective Majorana neutrino mass [17] ⟨m⟩ in the neutrinoless double
beta decay as

⟨m⟩ =
∣∣mν1(Ue1)2 + mν2(Ue2)2 + mν3(Ue3)2

∣∣ ≃ 5.1 × 10−3 eV. (3.18)

Our model also predicts δℓ
CP = 25.7◦ for the Dirac CP violating phase in the lepton sector,

which indicates relatively large CP violating effect in the lepton sector. (Note that the previous
model predicts δℓ

CP = 179◦ which indicates small CP violating effect in the lepton sector. )

4 Concluding remarks

We have tried to describe quark and lepton mass matrices by using only the observed
values of charged lepton masses (me,mµ,mτ ) as input parameters with family-number dependent
values. Thereby, we have investigated whether we can describe all other observed mass spectra
(quark and neutrino mass spectra) and mixings (CKM and PMNS mixings) without using any
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Table 4: Predicted values vs. observed values.

|Vus| |Vcb| |Vub| |Vtd| δq
CP ru

12 ru
23 rd

12 rd
23

Pred 0.2225 0.0430 0.00405 0.00800 55.8◦ 0.0416 0.0627 0.0492 0.0192
Obs 0.22534 0.0412 0.00351 0.00867 68◦ 0.045 0.060 0.053 0.019

±0.00065 +0.0011
−0.0005

+0.00015
−0.00014

+0.00029
−0.00031

+10◦

−11◦
+0.013
−0.010 ±0.005 +0.005

−0.003
+0.006
−0.006

sin2 2θ12 sin2 2θ23 sin2 2θ13 Rν [10−2] δℓ
CP mν1 [eV] mν2 [eV] mν3 [eV] ⟨m⟩ [eV]

Pred 0.863 0.965 0.089 3.25 25.7◦ 0.00040 0.00890 0.0501 0.00514
Obs 0.857 > 0.95 0.095 3.23 - - - - < O(10−1)

±0.024 ±0.010 +0.14
−0.19

other family-number dependent parameters. In conclusion, as seen in Sec.3, we have obtained
reasonable results. Our predicted values are listed in Table 4.

However, we have been still obliged to bring a family-number dependent VEV matrix Pu

given in Eq.(2.3). When we consider that our aim has been completed except for only Pu, and
that it appears only in the quark sector, there is a possibility that the origin of the matrix form
Pu is not due to a VEV form of a flavon Pu, but it may be due to another origin, for example,
a dynamical origin such as QCD effects, and so on. This is an open question at present.

In the present revised version of yukawaon model, the following points are worthy of note:
(i) We have been able to describe the VEV matrices of the yukawaons with the unified forms
Ŷf = Φf Φ̄f .
(ii) Especially, we have adopted a bilinear form for charged lepton mass matrix, Ŷe = ΦeΦ̄e. It
is for the first time to succeed in giving a large value sin2 2θ13 ∼ 0.09 without taking a non-
diagonal form of Ŷe. By this model-change, the charged lepton mass formula (1.4) has again
become possible to understand from Tr[ΦeΦe] = 2

3Tr[Φe]Tr[Φe] although we did not discuss the
relation (1.4) in the present paper.
(iii) The VEV relation of YR to Φu and Ŷe, Eq.(2.25), is ad hoc assumption in the past models
[3, 4]. (The R-charges have been assigned so that the ad hoc relation R(YR) = R(Φu)+R(Ŷe) may
be satisfied.) In the present model, we have demonstrated that a simple R charge assignment
(2.32) guarantees the relation (2.25). At present, the meaning of the assignment (2.32) is unclear,
investigation of which is left to our future task.
(iv) In the present model, we have predicted the CP violating phase in the lepton sector as
δℓ
CP ≃ 26◦, which is sufficiently large to observe CP violation effects in future experiments. (In

the previous model [4], a predicted value of δℓ
CP was δℓ

CP ≃ 179◦, which was invisibly small.)
The origin of the CP violation is in the phase factor αν in the Dirac neutrino mass matrix (3.2).
Note that we have taken αf = 0 (f = e, u, d) for economy of the parameters. However, we have
been obliged to accept αν ̸= 0 in order to fit the observed value of sin2 2θ13.

We still have some open questions as follows:
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(a) Compared with the previous model [4], number of free parameters is not so reduced in the
present yukawaon model. As emphasized in Sec.1, the purpose of the present paper is not to
build a model with economized parameters. In the present yukawaon model, the VEV relations
among flavons have been given by universal forms compared with those in the past yukawaon
models [3]. Some of the parameters in the past yukawaon models have been eliminated, but,
instead, terms which shift VEV matrices of yukawaons by unit matrices ξf1 (or ξ′f1) have been
newly added in the present model. This means that the present model cannot give predictions
as far as the mass ratios are concerned, and it is nothing but that two parameters ( af and ξf )
or (ad and ξ′d) are fixed by the two observed mass ratios. Therefore, in the present model, only
mixings can be predicted as far as quark sector is concerned.
(b) In spite of our aim to describe whole of quark and lepton masses and mixings by using only
the observed charged lepton masses as input parameters with hierarchical values, we again need
family-number dependent parameters (ϕ1, ϕ2) in the description of the CKM mixing. Also the
origin of CP violation in the quark sector is in the phase matrix Pu, i.e. the phase parameters
(ϕ1, ϕ2). [Note that in the lepton sector the origin of δℓ

CP ̸= 0 is αν ̸= 0 which is inevitably
required in order to get reasonable fitting of the PMNS mixing angles and the neutrino mass
ratio Rν .] Namely, we have different origins of CP violations between lepton and quark sectors.
This is still unsatisfactory to us. The phase matrix Pu has family-number dependent parameters
(ϕ1, ϕ2), so that such parameters should be eliminated in the final goal of the yukawaon model.
We consider that, in a yukawaon model at the final goal, the CP violation in the quark sector,
too, should be brought by family-number independent parameters αu, αd, and so on.

By success of the present major improvement of the yukawaon model, it seems that we are
considerably close to the ideal stage that all hierarchical structures of quarks and leptons can be
understood only from the family-number dependent parameter values (me,mµ,mτ ). However,
at present, we have many flavons and free parameters. Our next task is to economize numbers
of those flavons and free parameters.

References

[1] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963); M. Kobayashi and T. Maskawa,
Prog. Theor. Phys. 49, 652 (1973).

[2] B. Pontecorvo, Zh. Eksp. Teor. Fiz. 33, 549 (1957) and 34, 247 (1957); Z. Maki, M. Naka-
gawa, and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[3] Y. Koide, Phys. Lett. B 680, 76 (2009); H. Nishiura and Y. Koide, Phys. Rev. D 83,
035010 (2011). Y. Koide and H. Nishiura, Euro. Phys. J. C 72, 1933 (2012). Y. Koide and
H. Nishiura, Phys. Lett. B 712, 396 (2012). Y. Koide and H. Nishiura, Euro. Phys. J. C
73, 2277 (2013). Y. Koide and H. Nishiura, JHEP 04, 166 (2013).

16



[4] Y. Koide and H. Nishiura , Phys. Rev. D 88, 116004 (2013).

[5] C. D. Froggatt and H. B. Nelsen, Nucl. Phys. B 147, 277 (1979). For recent works, for
instance, see R. N. Mohapatra, AIP Conf. Proc. 1467, 7 (2012); A. J. Buras et al., JHEP
1203 (2012) 088.

[6] Y. Koide, Phys. Rev. D 79, 033009 (2009); Phys. Lett. B 681, 68 (2009); Phys. Rev. D
81, 097901 (2010); Phys. Lett. B 687, 219 (2010).

[7] Y. Koide, Lett. Nuovo Cim. 34, 201 (1982); Phys. Lett. B 120, 161 (1983); Phys. Rev. D
28, 252(1983).

[8] K. Abe et al. (T2K collaboration), Phys. Rev. Lett. 107, 041801 (2011); MINOS collabo-
ration, P. Adamson et. al., Phys. Rev. Lett. 107, 181802 (2011); Y. Abe et al. (DOUBLE-
CHOOZ Collaboration), Phys. Rev. Lett. 108, 131801 (2012); F. P. An, et al. (Daya-Bay
collaboration), Phys. Rev. Lett. 108, 171803 (2012); J. K. Ahn, et al. (RENO collabora-
tion), Phys. Rev. Lett. 108, 191802 (2012).

[9] R. N. Mohapatra, Phys. Rev. Lett. 56, 561 (1986); R. N. Mohapatra and J. W. F. Valle,
Phys. Rev. D 34, 1642 (1986).

[10] Z.-C. Gu and J. Preskill, arXiv:1401.6616 [hep-ph].

[11] P. Minkowski, Phys. Lett. B 67, 421 (1977); M. Gell-Mann, P. Ramond, and R. Slan-
sky, Proceedings of the Supergravity Stony Brook Workshop, New York, 1979, edited by
P. Van Nieuwenhuizen and D. Freedman (North-Holland, Amsterdam, 1979); T. Yanagida,
Proceedings of the Workshop on Unified Theories and Baryon Number in the Universe,
Tsukuba, Japan 1979, edited by A. Sawada and A. Sugamoto [KEK Report No. 79-18,
Tsukuba]; R. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980).

[12] A. Y. Smirnov, arXiv:hep-ph/0402264; H. Minakata and A.Y. Smirnov, Phys. Rev. D 70,
073009 (2004); M. Raidal, Phys. Rev. Lett. 93, 161801 (2004).

[13] X. Z. Zhang and B.-Q. Ma, Phys. Rev. D 86, 093002 (2012).

[14] Z.-z. Xing, H. Zhang, and S. Zhou, Phys. Rev. D 77, 113016 (2008). And also see,
H. Fusaoka and Y. Koide, Phys. Rev. D 57, 3986 (1998).

[15] J. Beringer et al., Particle Data Group, Phys. Rev. D 86, 0100001 (2012).

[16] P. Adamson et al., MINOS collaboration, Phys. Rev. Lett. 110, 251801 (2013).

[17] M. Doi, T. Kotani, H. Nishiura, K. Okuda, and E. Takasugi, Phys. Lett. B 103, 219 (1981)
and B 113, 513 (1982).

17


