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Abstract

In the so-called “yukawaon” model, the (effective) Yukawa coupling constants Y eff
f are

given by vacuum expectation values (VEVs) of scalars Yf (yukawaons) with 3×3 components.

So far, yukawaons Yf have been given as 6 or 6∗ of U(3) family symmetry, so that quarks

and leptons were not anomaly free in U(3). In this paper, yukawaons are given as 8 + 1 of

U(3), so that quarks and leptons are anomaly free. Since VEV relations among yukawaons

are also considerably changed, parameter fitting of the model is renewed. After fixing our

free parameters by observed mass ratios, we have still two and one remaining free parameters

for quark and lepton mixings, respectively, and we obtain successful predictions including

magnitudes of CP violation. Also, the effective Majorana neutrino mass is predicted.

PCAC numbers: 11.30.Hv, 12.15.Ff, 14.60.Pq, 12.60.-i,

1 Introduction

It is an attractive idea that observed hierarchical structures of masses and mixings of quarks

and leptons are caused by a common origin. In the so-called “yukawaon” model [1, 2, 3, 4, 5, 6],

Yukawa coupling constants Yf (f = u, d, e, and so on) in the standard model are effectively

given by vacuum expectation values (VEVs) of scalars (yukawaons) Yf with 3× 3 components.

Although the model is a kind of “flavon” models [7], the aim of the model is somewhat different:

We suppose that the observed hierarchical family structure of masses and mixings of quarks

and leptons are caused by one common origin, so that they can successfully be understood

by accepting one of the hierarchical structures (e.g. charged lepton mass spectra) as input

values of the model. We don’t use any other family-number dependent input parameters, except

for the observed values of the charged lepton masses (me,mµ,mτ ) as input parameters with

hierarchical values. Here, the terminology “family-number independent parameters” means, for

example, coefficients of a unit matrix 1, a democratic matrix X3, and so on, where

1 =

 1 0 0

0 1 0

0 0 1

 , X3 =
1

3

 1 1 1

1 1 1

1 1 1

 . (1.1)
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(For an explicit example of the previous yukawaon model, for example, see Eq.(1.2) later.)

Regrettably, at present, we are obliged to accept a few other family-number dependent param-

eters. For example, we are obliged to use a phase matrix P = diag(eiϕ1 , eiϕ2 , 1) in the Cabibbo-

Kobayashi-Maskawa (CKM) quark mixing matrix VCKM = U †
uP Ud [8] and the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) lepton mixing matrix UPMNS [9]. Therefore, our original intention

in the yukawaon model is not yet completed at present.

In the earlier stage of yukawaon models [1, 2], the VEV matrices of yukawaons have been

described by the following mass matrix relations:

Ye = keΦeΦe, Φe = k′ediag(
√
me,

√
mµ,

√
mτ )

Yu = kuΦuΦu, Φu = k′uΦe(1+ auX3)Φe,

Yd = kdPdΦe(1+ adX3)ΦePd,

Yν = YDY
−1
R Y T

D ,

YD = Ye,

YR = kR(ΦuYe + YeΦu) + · · · ,

(1.2)

where Ye, Yu, Yd, Yν , YD, YR, and Yν correspond to charged lepton, up-quark, down-quark,

neutrinos, Dirac neutrino, Majorana right-handed neutrino mass matrices, respectively, and

Pd = diag(eiϕ1 , eiϕ2 , 1). (Here, we have denoted a VEV matrix ⟨Yf ⟩ as Yf simply.) The co-

efficients au and ad are family-number independent parameters. On the other hand, since we

discuss only mass ratios and mixings, the parameters ke, ku and so on are not essential in the

model. (Hereafter, we omit such common coefficients.)

The model (1.2) could give tribimaximal mixing for UPMNS , but it gave poor fitting for

VCKM . Besides, the model could not give the observed large mixing [10] sin2 2θ13 ∼ 0.09,

although the value was reported after the proposal of the model (1.2).

In the second stage of the yukawaon model [3], motivated with this new observation, we

proposed to change the structure Ye = keΦeΦe into

Ye = keΦ0(1+ aeX3)Φ0. (1.3)

Here VEV matrix Φ0 is given by a diagonal matrix Φ0 = diag(x1, x2, x3) on a family basis after

breaking of a U(3) family symmetry, so that the charged lepton mass matrix Ye is not diagonal

any longer. Also, the assumption YD = Ye was changed into

YD = Φ0(1+ aDX2)Φ0, (1.4)

where

X2 =
1

2

 1 1 0

1 1 0

0 0 0

 . (1.5)
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Furthermore, recently, we have proposed [6] a new neutrino mass matrix with a bilinear form

Yν = (YDY
−1
R YD)

2. The model can give reasonable predictions of the quark and lepton mixings

(VCKM and UPMNS) together with their masses.

The purpose of the present paper is not to improve such parameter fitting. (Of course,

we will give a reasonable parameter fitting under a model with parameters less than those in

the previous works.) The major purpose in the present paper is to improve a basic part of

the yukawaon model. So far, the yukawaons Yf have been described as Y ij
f , i.e. 6∗ of a family

symmetry U(3). The reason is as follows: If we consider a field C of 8+1 of U(3), i.e. C j
i , and we

require a combination ACB by AikC l
k Blj , then, we are obliged to have unwelcome combinations

AikBkl(C
T )l j and (CT )ikA

klBlj . In the yukawaon model, the order of multiplication of matrices

is essential. Therefore, so far, we have not adopted a yukawaon model with (Yf )
j
i . However, in

the model with (Yf )
ij , quarks and leptons f are assigned to (fL, fR) ∼ (3,3∗) of the U(3) family

symmetry, so that the fundamental fermions are not anomaly free in the U(3) symmetry. In the

present model, the yukawaons are given by (Yf )
j
i , so that quarks and leptons, themselves, are

anomaly free for the U(3) family symmetry. Of course, there is no reason that quarks and leptons

must compose an anomaly free set. In the previous model, we have assumed a supersymmetric

theory (SUSY), so that the model could become anomaly free by taking whole flavons in the

model into consideration, although quarks and leptons, themselves, were not anomaly free. We

empirically know that quarks and leptons, which are fundamental entities in the low energy limit

(in the standard model limit), compose an anomaly free set of gauge symmetries concerned. It is

unnatural that quarks and leptons do not compose an anomaly free set in family gauge symmetry

U(3), too.

Another purpose is to make basic modifications of the model as follows: We have already

proposed a yukawaon model with bilinear forms Yu = ΦuΦu and Yν = ΦνΦν = (YDY
−1
R YD)

2. On

this occasion of the present model-change, we also change the previous model into a new model

in which whole yukawaon VEV matrices except for that for the charged leptons are given by

bilinear forms, Yu = ΦuΦu, Yd = ΦdΦd and Yν = ΦνΦν = (YDY
−1
R YD)

2. Therefore, parameter

fitting for masses and mixings should be renewed completely as shown later.

In the next section, we discuss why it is hard to build a model with yukawaons of 8+ 1 of

U(3), and we give a basic idea how to inherit the successful results in the previous yukawaon

model with (Ȳf )
ij into a new model with (Yf )

j
i .

In Sec.3, we give a new yukawaon model with (Yf )
j
i . We give VEV matrices relations

among flavons (yukawaons). Those flavons are distinguished by R charges. Assignments of R

charges are discussed in Sec.4. Renewed parameter fitting is given in Sec.5. Finally, Sec.6 is

devoted to concluding remarks.

2 How to get (Ŷf )
j

i
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We assume that a would-be Yukawa interaction is given as follows:

WY =
yD
Λ

(νc)i(Ŷ T
D ) j

i ℓjHu +
ye
Λ
(ec)i(Ŷe)

j
i ℓjHd +

yu
Λ
(uc)i(Ŷu)

j
i qjHu +

yd
Λ
(dc)i(Ŷd)

j
i qjHd

+yR(ν
c)i(YR)ij(N

c)j + y′D(ν
c)i(ŶD)

j
i Nj + yNNi(EN )ijNj , (2.1)

where ℓ = (νL, eL) and q = (uL, dL) are SU(2)L doublets, and N and N c are new SU(2)L singlet

leptons. The last three terms are added in order to give the neutrino mass matrix with a form

Mν = (YDY
−1
R YD)

2 as we show in Sec.3. In order to distinguish each yukawaon from others,

we assume that Yf have different R charges from each other together with considering R charge

conservation (a global U(1) symmetry in N = 1 supersymmetry). (Of course, the R charge

conservation is broken at an energy scale Λ, at which the U(3) family symmetry is broken.)

Possible assignments of R charges of the flavons are given in Sec.4. Hereafter, for convenience,

we denote a flavon A of 6∗ as Ā, and a flavon A of 8+ 1 as Â.

First, we would like to give a brief review how it is hard to build a yukawaon model with

(Ŷf )
j
i . In the previous yukawaon model, the VEVs of yukawaons Yf are related to VEV matrix

of flavons Φ̄f which belong to 6∗ of U(3) family symmetry and are given by

⟨Φ̄f ⟩ij = ⟨Φ̄0⟩ik [⟨E0⟩kl + af ⟨X3⟩kl] ⟨Φ̄0⟩lj , (2.2)

where ⟨E0⟩ and ⟨X3⟩ are given by the matrix forms 1 and X3 defined in Eq.(1.1), and ⟨Φ̄0⟩ takes
a VEV form

⟨Φ̄0⟩ = diag(x1, x2, x3), (2.3)

where x21+x22+x33 = 1. The parameter af in Eq.(2.2) is, in general, complex. (However, we will

regard ae and aD as real, later in Eqs.(3.1) and (3.2).) In Eq.(2.2), we have dropped common

coefficients in families, because we pay attention only to the relative ratios among families. In the

previous yukawaon model, yukawaon VEV ⟨Ȳe⟩ in the charged leptons was given by ⟨Ȳe⟩ = ⟨Φ̄e⟩,
and that of up-quarks ⟨Ȳu⟩ was given by a bilinear form

⟨Ȳu⟩ij = ⟨Φ̄u⟩ik⟨Eu⟩kl⟨Φ̄u⟩lj , (2.4)

where ⟨Eu⟩ = 1. If we want to build a model with (Ŷe)
j
i , for example, we may take a VEV

relation

⟨Ēe⟩ik⟨Ŷe⟩ j
k = ⟨Φ̄e⟩ij . (2.5)

However, note that the VEV relation (2.5) holds only for a case in which the parameter ae

defined in Eq.(2.2) is real, because, if ae is complex, the i = j component of ⟨Φ̄e⟩ij is complex,

while the i = j component of ⟨Ŷe⟩ j
i must be real (we consider ⟨Ēe⟩ = 1). Fortunately, for the

charged lepton sector, the parameter ae is real in the actual parameter fitting, so that we can

choose the relation (2.5).
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On the other hand, for the up-quark sector, we must choose a complex parameter au in

the VEV relation (2.2), and, besides, we want to build a model with ⟨Ŷu⟩ j
i instead of Eq.(2.4)

with ⟨Ȳu⟩ij . Therefore, we cannot adopt a prescription analogous to Eq.(2.5). As far as the

transformation property is concerned, for example, we may consider a relation

⟨Ŷu⟩ j
i = ⟨Φu⟩ik⟨Φ̄u⟩kj , (2.6)

where ⟨Φ̄u⟩ and ⟨Φu⟩ are given by

⟨Φ̄u⟩ij = ⟨Φ̄0⟩ik [⟨E0⟩kl + au⟨X3⟩kl] ⟨Φ̄0⟩lj ,
⟨Φu⟩ij = ⟨Φ0⟩ik

[
⟨Ē0⟩kl + a∗u⟨X̄3⟩kl

]
⟨Φ0⟩lj ,

(2.7)

correspondingly to Eq.(2.2). However, phenomenological success for simultaneous fitting of the

mass ratios and CKM and PMNS mixings has been obtained only from the form (2.4), and if

we adopt the form (2.6), we cannot obtain reasonable fitting. The problem is how to relate

⟨Φ̄uEuΦ̄u⟩ with 6∗ to ⟨Ŷu⟩ with 8+ 1.

Let us consider a yukawaon VEV ⟨Ŷu⟩ which gives the same mass spectrum and up-quark

mixing U as those ⟨Ȳu⟩ has. The mass spectrum and up-quark mixing of ⟨Ŷu⟩ can be obtained

by the diagonalization

(U †) k
i ⟨Ŷu⟩ l

k U
j

l = ⟨D̂⟩ j
i , (2.8)

where ⟨D⟩ is a diagonal matrix. On the other hand, the mass spectrum and mixing are obtain

by the diagonalization

(U †) k
i ⟨Ȳ †

u ⟩kl⟨Ȳu⟩lmU j
m = [⟨D̄†⟩⟨D̄⟩] j

i , (2.9)

i.e.

(UT )ik⟨Ȳu⟩klU
j

k = ⟨D̄⟩ij , (2.10)

because VEV of the yukawaon with 6∗ is symmetric. Here, note that the mixing matrix U

denotes a mixing among uLi which are members of SU(2)L doublet qi, as seen from the definition

of (Ŷq)
j
i (2.1). Since the matrices ⟨D̂⟩ and ⟨D̄⟩ are diagonal, those can be related by a E matrix

as follows

⟨D̂⟩ j
i = ⟨E⟩ik⟨D̄⟩kj . (2.11)

This means that ⟨Ŷu⟩ can related to ⟨Ȳu⟩ as follows:

⟨Ŷu⟩ j
i = U k

i ⟨D̂⟩ l
k (U

†) j
l = U k

i

[
E UT ȲuU

] l

k
(U †) j

l = (U E UT )ik⟨Ȳu⟩kj . (2.12)

Therefore, when we put

(Cu)ij ≡ U k
i Ekl(U

T )l j , (2.13)

we can relate ⟨Ŷu⟩ to ⟨Ȳu⟩ as
⟨Ŷu⟩ = Cu⟨Ȳu⟩. (2.14)
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From the definition (2.13), the quantity Cu must satisfy the following relations:

C†
uCu = CuC

†
u = 1, CT

u = Cu, (2.15)

so that

⟨Ȳ †
u ⟩ij = (Cu)ik⟨Ȳu⟩kl(Cu)lj . (2.16)

Note that since the matrix Cu gives a mixing among the quarks uc as seen in (2.14), the explicit

value of Cu does not affect the observed values of up-quark mass ratios and CKM matrix

parameters.

Similarly, we introduce Cd and we can consider

⟨Ŷd⟩ = Cd⟨Ȳd⟩. (2.17)

In the present paper, we assume flavons Cf (f = u and d) whose VEV matrices ⟨Cf ⟩ satisfy
the same relations as (2.15), and thereby we will build a model with (Ŷf )

j
i .

3 Model

First, let us summarize our VEV relations among flavons prior to their derivation from a

superpotential.

For lepton sector, since we consider the parameters ae and aD are real, we can adopt VEV

relations with a type (2.5):

⟨Ē⟩ik⟨Ŷe⟩ j
k + ⟨Ŷ T

e ⟩ik⟨Ē⟩kj = ⟨Φ̄0⟩ik [⟨E0⟩kl + ae⟨X3⟩kl] ⟨Φ̄0⟩lj , (3.1)

⟨ŶD⟩ k
i ⟨ED⟩kj + ⟨Ŷ T

D ⟩ k
i ⟨ED⟩kj = ⟨Φ0⟩ik

[
⟨Ē0⟩kl + aD⟨X̄2⟩kl

]
⟨Φ0⟩lj . (3.2)

The neutrino Dirac yukawaon ŶD takes somewhat complicated structure in order to make flavon

sector anomaly free (see later). Although we speculated a mechanism [5] for the form X̄2 by

introducing additional family symmetry U(3)′, in the present work, we do not refer to such a

mechanism. The origin of the structure X̄2 is left as our future task.

For quark sector, according to the previous section, we introduce two flavons Cu and Cd:

⟨Ŷu⟩ j
i = ⟨Cu⟩ik⟨P̄u⟩kl⟨Φu⟩lm⟨Ē⟩mn⟨Φu⟩no⟨P̄u⟩oj , (3.3)

⟨Φu⟩ij = ⟨E⟩ik⟨Φ̄0⟩kl [⟨E0⟩lm + au⟨X3⟩lm] ⟨Φ̄0⟩mn⟨E⟩nj , (3.4)

⟨Ŷd⟩ j
i = ⟨Cd⟩ik⟨Φ̄d⟩kl⟨E⟩lm⟨Φ̄d⟩mj , (3.5)

⟨Φ̄d⟩ij = ⟨Φ̄0⟩ik [⟨E0⟩kl + aq⟨X3⟩kl] ⟨Φ̄0⟩lj + ξd0⟨Ē⟩. (3.6)

The last term (ξd0 term) in Eq.(3.6) has been introduced from a phenomenological requirement

as we discuss in Sec.5. Derivation of the condition R(Φ̄d) = R(Ē) is given in the next section.

As to the origin of the form ⟨E⟩ = 1, we will also discuss in the next section. Note that the
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combination ⟨Φ̄0⟩[⟨E0⟩+ af ⟨X3⟩]⟨Φ̄0⟩ is commonly connected to the yukawaon VEVs ⟨Ŷe⟩, ⟨Ŷu⟩
and ⟨Ŷd⟩ except for ⟨ŶD⟩. R charges of Ŷe, Ŷu and Ŷd are distinguished by number of the

flavons Ē and E concerned (see Eq.(4.8) in the next section), so that the parameters af can

take different values according to individual sectors.

From the Yukawa interactions (2.1), we consider that the neutrino mass matrix Mν is given

by a triplicate seesaw mechanism as

M ij
ν ≃ ⟨Ŷ T

D ⟩ik⟨Y −1
R ⟩kl⟨ŶD⟩ m

l ⟨E−1
N ⟩mm′⟨Ŷ T

D ⟩m′
l′ ⟨Y −1

R ⟩l′k′⟨ŶD⟩ j
k′ , (3.7)

where we must assume

y2N |⟨EN ⟩|2 ≫ y2R|⟨YR⟩|2 ≫ y2D|⟨ŶD⟩|2, (3.8)

In order to obtain good seesaw approximation (3.7). We consider that there are hierarchical

structures not only among the VEV values of |⟨EN ⟩|2, |⟨YR⟩|2 and |⟨ŶD⟩|2, but also among the

coupling constants y2N , y2R and y2D. Here, the Majorana mass matrix ⟨YR⟩ has the following VEV

relation

⟨YR⟩ij = ⟨Ŷe⟩ k
i ⟨Φu⟩kj + ⟨Φu⟩ik⟨Ŷ T

e ⟩kj . (3.9)

These VEV matrix relations are obtain SUSY vacuum conditions. For example, the VEV

relations (3.1) can be obtained by requiring a SUSY vacuum condition ∂W/∂Θe = 0 for the

following superpotential:

We =

{
λe

[
(Ŷ T

e )ik(Ē)kj + (Ē)ik(Ŷe)
j
k

]
+

λ′
e

Λ
(Φ̄0)

ik [(E0)kl + ae(X3)kl] (Φ̄
T
0 )

lj

}
(Θe)ji. (3.10)

Since we assume that the Θ field always takes ⟨Θ⟩ = 0 and since SUSY vacuum conditions in

other fields always contain the VEV matrix ⟨Θ⟩, such conditions do not play any effective role

in obtaining VEV relations.

The VEV relations (3.2), (3.3), (3.5) and (3.7) are obtained from the following superpoten-

tial similar to (3.10):

WD =

{
λD

[
((ŶD)

k
i (ED)kj + (ED)ik(Ŷ

T
D )kj

]
+

λ′
D

Λ
(Φ0)ik

(
(Ē0)

kl + aD(X̄2)
kl
)
(Φ0)lj

}
(Θ̄D)

ji,

(3.11)

Wu =

{
µu(Ŷu)

j
i +

λu

Λ4
(Cu)ik(P̄u)

kl(Φu)lm(Ē)mn(Φu)no(P̄u)
oj

}
(Θ̂u)

i
j , (3.12)

Wd =

{
µd(Ŷd)

j
i +

λd

Λ2
(Cd)ik(Φ̄d)

kl(E)lm(Φ̄d)
mj

}
(Θ̂u)

i
j , (3.13)
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Table 1: Assignments of SU(2)L×SU(3)c×U(3). R charges are discussed in Sec.4.

ℓ ec νc N N c q uc uc Hu Hd

SU(2)L 2 1 1 1 1 2 1 1 1 1

SU(3)c 1 1 1 1 1 3 3∗ 3∗ 1 1

U(3) 3 3∗ 3∗ 3 3∗ 3 3∗ 3∗ 1 1

Ŷe ŶD YR Ŷu Ŷd Φu Φ̄d P̄u Pu Cu Cd C̄u C̄d

1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1

8+ 1 8+ 1 6 8+ 1 8+ 1 6 6∗ 6∗ 6 6 6 6∗ 6∗

Φ0 Φ̄0 E0 X3 Ē0 X̄2 Ē E ED ĒN Θe Θ̄D Θ̂u Θ̂d Θ̄R

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

6 6∗ 6 6 6∗ 6∗ 6∗ 6 6 6∗ 6 6∗ 8+ 1 8+ 1 6∗

WR =
{
µR(YR)ij + λR

[
(Ŷe)

k
i (Φu)kj + (Φu)ik(Ŷ

T
e )kj

]}
(Θ̄R)

ji, (3.14)

respectively. Note that, only for the Dirac neutrino mass term, an additional flavon Φ0 is

introduced. We assume that the VEV matrix ⟨Φ0⟩ takes the same value of ⟨Φ̄0⟩ because of the

D-term condition.

In spite of the idea (3.11), for the VEV relations for Φu and Φ̄d, we use a new type of the

superpotential

Wq = µqTr

{[
Φu +

λu

Λ4
E Φ̄0(E0 + adX3)Φ̄0E

] [
Φ̄d +

λd

Λ2
Φ̄0(E0 + auX3)Φ̄0

]}
. (3.15)

SUSY vacuum conditions ∂W/∂Φ̄d = 0 and ∂W/∂Φu = 0 lead to the VEV relations (3.4) and

(3.6), respectively (except for ξd0 term in Eq.(3.6)). Other conditions ∂W/∂Φ̄0 = 0, ∂W/∂E0 = 0,

and so on are satisfied identically under the VEV relations (3.4) and (3.6) (and also (3.1)).

Note that in the present model, the yukawaons belong to 8+ 1 of U(3), so that sum of the

anomaly coefficients obviously take zero for lepton and quark sectors:

∑
leptonsA = 3A(3) + 3A(3∗) = 0,∑
quarksA = 6A(3) + 6A(3∗) = 0.

(3.16)

Besides, in the flavon sector, too, sum of the anomaly coefficients becomes zero:∑
flavons

A = 11A(6) + 11A(6∗) + 6A(8+ 1) = 0, (3.17)
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as seen in Table 1. (In Table 1, flavons Pu, C̄u and C̄d which did not appear in Eqs.(3.1) - (3.8)

have been added. Roles of those flavons are discussed in the next section.)

4 R charge assignments

As seen in Eqs.(3.1) - (3.8) and also in Table 1, we have many flavons in the present model.

Those are distinguished by their R charges. At preset, we cannot fix the R charges of flavons

uniquely, because we have a considerable number of flavons compared with the number of the

VEV relations required.

First, we discuss R charges for flavons E whose VEV matrices have the same matrix forms

1:

(Ē)ij , (E)ij , (E0)ij , (Ē0)
ij , (ĒN )ij , (4.1)

In order to obtain the VEV form ⟨E⟩ ∝ 1, we consider a superpotential with the following type:

WE =
λ1

Λ
Tr[ĒAEBĒCED] +

λ2

Λ
Tr[ĒAEB]Tr[ĒCED], (4.2)

which leads to VEV relations ĒAEBĒC ∝ ĒC , EDĒAEB ∝ ED, and so on. We assume super-

potential with the type (4.2) for possible combinations of flavons given in (4.1). As a result of

taking such all combinations among the flavons E’s, we obtain ⟨E⟩ ∝ 1. However, we must take

care that the value R(E0) should be different from the value R(E) and the value R(Ē0) should

be different from other Ē, because E0 and Ē0 have the same R charges as those of X3 and X̄2,

respectively, so that they mix with X3 and X̄2, respectively, while, for other E’s, such mixings

with X3 and X̄2 should be forbidden:

R(E0) = R(X3) ̸= R(E), R(Ē0) = R(X̄2) ̸= R(Ē), R(ĒN ). (4.3)

On the other hand, for a VEV matrix of P̄u, we assume the VEV matrix

⟨P̄u⟩ = diag(e−iϕ1 , e−iϕ2 , 1). (4.4)

By introducing a new flavon Pu, and by taking

R(Pu) +R(P̄u) = 1. (4.5)

we suppose that the pair PuP̄u satisfy a superpotential which is similar type to Eq.(4.2):

WP =
λ1

Λ
Tr[ĒE P̄uPu] +

λ2

Λ
Tr[Ē E ]Tr[P̄uPu]. (4.6)

Then, we can obtain ⟨Pu⟩⟨P̄u⟩ = 1. We consider (4.4) is a specific solution of ⟨Pu⟩⟨P̄u⟩ = 1.
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Also, in order to have the VEV relation (2.14),

⟨Cq⟩⟨C†
q⟩ = 1 (q = u, d), (4.7)

we introduce additional flavons C̄u and C̄d, and by taking R charges as

R(Cu) +R(C̄u) = 1, R(Cd) +R(C̄d) = 1, (4.8)

we consider a superpotential

WC =
λ1

Λ
Tr[C̄uCuC̄dCd] +

λ2

Λ
Tr[C̄uCu]Tr[C̄dCd]. (4.9)

Thereby, we obtain the VEV relations

⟨C̄q⟩⟨Cq⟩ = 1. (4.10)

(However, The relations (4.8) do not mean R(Cu) = R(Cd).) When we consider ⟨C̄q⟩ = ⟨C†
q⟩

from D term condition in SUSY formulation, we can obtain the relation (4.7).

The VEV relations (3.1), (3.4) and (3.6) demand the following R charge relations

R(Ŷe) +R(Ē) = R(Φu)− 2R(E) = R(Φ̄d) = 2R(Φ̄0) +R(E0) ≡ R0. (4.11)

On the other hand, from the superpotential (3.15), we obtain

R(Φu) +R(Φ̄d) = 2. (4.12)

From Eqs.(4.11) and (4.12), we obtain

R(Φ̄d) = 1−R(E) = R(Ē), (4.13)

where we have used R(Ē) + R(E) = 1. Thus, we can see that the flavon Φ̄d can mix with the

flavon Ē. However, note that we can also get

R(Φu) = 2R(E) +R(Ē), (4.14)

from the relation R(Φu)+R(Φ̄d) = 2(R(E)+R(Ē)) = 2 and Eq.(4.13). This means that (Φu)ij

can mix with (EĒ E)ij .

5 Parameter fitting

We summarize our mass matrices in the present model as follows:

Me = Φ0(1+ aeX3)Φ0, (5.1)

MD = Φ0(1+ aDX2)Φ0, (5.2)

Mu = PuΦuΦuPu, Φu = Φ0

(
1+ aue

iαuX3

)
Φ0 + ξu01, (5.3)
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Md = ΦdΦd, Φd = Φ0

(
1+ ade

iαdX3

)
Φ0 + ξd01, (5.4)

Mν = YDY
−1
R YD · YDY −1

R YD, YR = YeΦu +ΦuYe, (5.5)

where the term ξu01 [ξd01] denotes mixing effect between Φu [Φ̄d] and (EĒE) [Ē], as they were

discussed in Eqs.(4.13) and (4.14). Here, for convenience, we have dropped the notations “⟨”
and “⟩”. And also, we have denoted Φ̄d, Ŷe, · · · , as Φd, Ye, · · · , simply. Since we are interested

only in the mass ratios and mixings, we use dimensionless expressions Φ0 = diag(x1, x2, x3),

Pu = diag(e−iϕ1 , e−iϕ2 , 1), and E = diag(1, 1, 1). [Therefore, the parameters ae, aD, · · · , are re-

refined by Eqs.(5.1)-(5.5)]. Although the parameters af are, in general, complex, the parameters

ae and aD in the lepton sectors must be real as seen in the relations (3.1) and (3.2). We have

denoted the parameters au and ad in the quark sectors as aue
iαu and ade

iαd .

Besides, we require “economy of the number of parameters”. We neglect parameters which

play no essential roles in numerical fitting to the mixings and mass ratios as far as possible. As

we discussed in Eqs.(4.13) and (4.14), the term ξu01 [ξd01] denotes mixing effect between Φu [Φ̄d]

and (EĒE) [ Ē ]. Therefore, we speculate that the value of ξu0 is an order of (ξd0)
3. Since we

guess that value of ξd0 is small (in fact, ξd0 ∼ 10−2 as we see later), we neglect the parameter ξu

with 10−6, so that we put

ξu0 = 0, (5.6)

in the present parameter fitting. On the other hand, although there are no reasons that values

of the parameters ϕ1 and ϕ2 are small, we put

ϕ1 = 0, (5.7)

by way of trial.

Therefore, in the present model, we have 8 adjustable parameters, ae, aD, (au, αu), (ad, αd),

ξd0 , and ϕ2 except for (x1, x2, x3), for the 16 observable quantities (6 mass ratios in the up-

quark-, down-quark-, and neutrino-sectors, 4 CKM mixing parameters, and 4+2 PMNS mixing

parameters). In order to fix these parameters, we use, as input values, the observed values for

mc/mt, mu/mc, sin
2 2θ12, Rν ≡ ∆m2

21/∆m2
32, md/ms, ms/mb, |Vus|, and |Vcb| as shown later.

The relative ratios of parameters (x1, x2, x3) in Φ0 are fixed by the ratios of the charged lepton

masses me/mµ and mµ/mτ under ae given. The process of fixing parameters are summarized

in Table. 2.

Now let us present the details of parameter fitting. Since the mass ratios of the up quarks

and the lepton mixing parameter sin2 2θ12 depends only on ae and (au, αu), we first fix the

following parameter values of ae and (au, αu)

(ae, au, αu) ∼ (8.0,−1.273,−1.4◦), (5.8)

which are fixed from the observed values of mc/mt, mu/mc, and sin2 2θ12:

ru12 ≡
√

mu

mc
= 0.045+0.013

−0.010, ru23 ≡
√

mc

mt
= 0.060± 0.005, (5.9)
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Table 2: Process for fitting parameters.

Step Inputs Ninp Parameters Npar Predictions

1st mu
mc

, mc
mt

3 ae 3

sin2 2θ12 au, αu

2nd Rν 1 aD 1 sin2 2θ13, sin
2 2θ23, δ

ℓ
CP

2 Majorana phases, mν1
mν2

, mν2
mν3

3rd ms
mb

, md
ms

, |Vus|, 3 ad, αd, ξ
d
0 3

4th |Vcb| 1 ϕ2 1 |Vub|, |Vtd|, δqCP

option ∆m2
32 mν3 (mν1,mν2,mν3), ⟨m⟩∑

N... 8 8

at µ = mZ [11], and sin2 2θ12 = 0.857 ± 0.024 [12]. (These values will be fine-tuned in whole

parameter fitting of UPMNS and VCKM later.) Note that we do not change the mass matrix

structures for Me, Mu, and Mν from the previous paper [4]. However Md is different from the

previous model, so that we refit these parameters in order to reproduce the observed CKM

mixing parameters too as seen later.

Secondly, let us investigate lepton sector. In the present model, lepton mixing parameters

depend only the parameter aD after we fix ae and (au, αu) as (5.8). We illustrate the behaviors of

lepton mixing parameters sin2 2θ12, sin
2 2θ23, sin

2 2θ13, and the neutrino mass squared difference

ratio Rν versus the parameter aD. We draw curves of the lepton mixing parameters and Rν as

functions of aD in Fig. 1. As seen in Fig.1, the predictions of sin2 2θ12 and Rν are sensitive to

the parameter aD, while the prediction of sin2 2θ23 and sin2 2θ13 are insensitive to aD. Using

Fig. 1, we do fine tuning of the parameter aD as

aD = 9.32, (5.10)

in order to fit the observed values [12] given by

sin2 2θ12 = 0.857± 0.024, (5.11)

Rν ≡ ∆m2
21

∆m2
32

=
m2

ν2 −m2
ν1

m2
ν3 −m2

ν2

=
(7.50± 0.20)× 10−5 eV2

(2.32+0.12
−0.08)× 10−3 eV2

= (3.23+0.14
−0.19)× 10−2, (5.12)

sin2 2θ23 > 0.95, (5.13)

and

sin2 2θ13 = 0.095± 0.010. (5.14)
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Figure 1: Lepton mixing parameters sin2 2θ12, sin
2 2θ23, sin

2 2θ13, and the neutrino mass squared

ratio Rν versus the parameter aD. We draw curves of the lepton mixing parameters as functions

of aD, with taking ae = 8.0, au = −1.273, and αu = −1.4◦. The solid and dotted parts of the

curves are, respectively, within and out of the observed ranges given by (3.10)-(3.12). We find

that the parameter aD around aD = 9.32 is consistent with all the observed values [12].

Next, we discuss quark sector. Since we have fixed the four parameters ae, au, αu, and aD, we

have remaining four parameters ad, αd, ξ
d
0 , and ϕ2 for eight observables (2 down-quark mass

ratios and 4+2 CKM mixing parameters). The following parameters ad, αd, and ξd0

ad = −1.338, αd = −14.3◦, ξd0 = 0.0147 (5.15)

are fixed to fit the observed down-quark mass ratios at µ = mZ [11]

rd23 ≡
ms

mb
= 0.019+0.006

−0.006, rd12 ≡
md

ms
= 0.053+0.005

−0.003, (5.16)

and the observed CKM mixing matrix element [12]

|Vus| = 0.2252± 0.0009. (5.17)

Therefore, all the CKM mixing parameters are described only by one parameter ϕ2. We draw

curves of the CKM mixing matrix elements as functions of ϕ2 in Fig. 2.

As shown in Fig. 2, all the experimental constraints on CKMs are satisfied by fine tuning

the parameter ϕ2 around

ϕ2 = 26.5◦. (5.18)

Here we use the values for the other observed CKM mixing matrix elements [12] given by

|Vcb| = 0.0409± 0.0011, |Vub| = 0.00415± 0.00049, |Vtd| = 0.0084± 0.0006. (5.19)
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(deg)

Figure 2: CKM mixing matrix elements |Vus|, |Vcb|, |Vub|, and |Vtd| versus the parameter ϕ2.

We draw curves of the CKM mixing matrix elements as functions of ϕ2, with taking ae = 8.0,

au = −1.273, αu = −1.4◦, ad = −1.338, αd = −14.3◦, and ξd = 0.0147. The solid and dotted

parts of the curves are, respectively, within and out of the observed ranges given by (5.17) and

(5.19). We find that the parameter ϕ2 around ϕ2 = 26.5◦. is consistent with all the observed

values [12].

Finally, we do fine-tuning of whole parameter values in order to give more improved fitting

with the whole data. Our final result is as follows: under the parameter values

ae = 8.0, (au, αu) = (−1.273,−1.4◦), (ad, αd) = (−1.338,−14.3◦), ξd0 = 0.0147,

aD = 9.32, ϕ2 = 26.3◦, (5.20)

we obtain

ru12 = 0.0358, ru23 = 0.0599, rd12 = 0.0547, rd23 = 0.0129, (5.21)

sin2 2θ23 = 0.993, sin2 2θ12 = 0.852, sin2 2θ13 = 0.0903, Rν = 0.0329, (5.22)

δℓCP = 179◦ (J ℓ = 6.3× 10−4), (5.23)

|Vus| = 0.2256, |Vcb| = 0.0402, |Vub| = 0.00439, |Vtd| = 0.00898, (5.24)

δqCP = 75.1◦ (Jq = 3.7× 10−5). (5.25)

Here, δℓCP and δqCP are Dirac CP violating phases in the standard conventions of UPMNS and

VCKM , respectively.

It should be noted that our prediction sin2 2θ13 = 0.0903 is well consistent with the observed

value in (5.14). Also note that our prediction sin2 2θ23 = 0.993 is roughly consistent with recently

observed values sin2 2θ23 = 0.950+0.035
−0.036 and sin2 2θ̄23 = 0.97+0.03

−0.08 by MINOS [13]. Our model
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predicts δℓCP = 179◦ which indicates small CP violating effect in the lepton sector. Note that a

recent global analysis [14] has suggested the best fit value for δℓCP as δℓCP = 1.1π.

We can also predict neutrino masses, for the parameters given (5.20) ,

mν1 ≃ 0.0011 eV, mν2 ≃ 0.0090 eV, mν3 ≃ 0.0499 eV, (5.26)

by using the input value [13] ∆m2
32 ≃ 0.00241 eV2. We also predict the effective Majorana

neutrino mass [15] ⟨m⟩ in the neutrinoless double beta decay as

⟨m⟩ =
∣∣mν1(Ue1)

2 +mν2(Ue2)
2 +mν3(Ue3)

2
∣∣ ≃ 4.6× 10−3 eV. (5.27)

6 Concluding remarks

In conclusion, we have made a revision of formulation in the yukawaon model as follows:

(i) We have assigned the yukawaons Yf to 8+ 1 of U(3) family symmetry (not previous 6∗), so

that the model can become anomaly free in U(3), i.e.
∑

A(lepton) = 0,
∑

A(quark) = 0 and∑
A(flavon) = 0. (ii) Mass matrices, not only Mu but also Md, are given with a bilinear form

[Φ0(1 + afX3)Φ0]
2, so that the parameter fitting has renewed thoroughly. (iii) The neutrino

mass matrix Mν has been given by a triplicate seesaw. (iv) In the present paper, we have used

only U(3) family, to which quarks and leptons belong, although we have discussed the yukawaon

model based on U(3)×U(3)′ in the previous model [5, 6]. Therefore, in this paper, we did not

refer the origin of the VEV matrix form X2, (1.5). This problem is our future task.

As a result of this new parameter fitting, we have obtained the following phenomenological

results: (i) We can still obtain reasonable mass rations and quark and lepton mixings, in spite

of reduced number of the free parameters compared with the previous yukawaon model. (ii) For

the CP violation parameter in the lepton sector, δℓCP , we have found δℓCP ≃ π, so that the CP

violation in the lepton sector is very small. (iii) We have obtained an almost maximal mixing

sin2 2θ23 = 0.99 in spite of obtaining a sizable value of sin2 2θ13 = 0.09. We pay attention to the

recent observed value by MINOS [13], sin2 2θ23 = 0.950+0.035
−0.036. Our predicted value exists on the

upper value with one σ. We interest in that the error is reduced in the near future.

It seems that phenomenological success in the present work encourages our ambitious idea

that the observed hierarchical structure in the family mixings and mass ratios of quarks and

leptons are caused only by one common origin, i.e. they can be understood by accepting the

observed charged lepton mass matrix. However, in the present model, too, we have still the

family-dependent parameter ϕ2 and the unwelcome VEV matrix form X2. We will need further

investigation in order to realize our goal.
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